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ABSTRACT
Elucidating the origins of hysteresis and reaction mechanisms of electrode materials
for Li and Na batteries
by
Donghee Chang
Chair: Anton Van der Ven and Emmanouil Kioupakis
Voltage hysteresis and irreversibility upon electrochemical cycling of promising elec-
trode chemistries are major impediments to increasing the energy density of Li ion
batteries. To understand the origins of hysteresis and irreversibility, we performed
a first principles study of the electronic, thermodynamic and kinetic properties of
various anode materials undergoing three di↵erent types of reactions: intercalation,
conversion (displacement), and alloying.
We investigate the origins of phase transformation hysteresis in electrodes of Li-
ion batteries, focusing on the alloying reaction of Li with Sb. To this end, we perform
a first-principles calculation of the thermodynamic and kinetic properties of Sb, Li2Sb
and Li3Sb, three phases that can coexist as Li reacts with Sb. We identify a lever
e↵ect in the driving force for nucleation at high overpotentials that favors phases with
large changes in Li concentration over phases that are closer in composition along the
equilibrium charge or discharge path.
Electrode materials undergoing displacement and conversion reactions can achieve
very high capacities, but also su↵er from a variety of limitations that need to be
xiii
overcome. These include a poor reversibility and large capacity losses during charge
and discharge. One exception to this trend is Cu2Sb, a candidate anode material
that undergoes a displacement reaction with Li, but exhibits only a limited degree
of hysteresis in the voltage profile between charge and discharge. We perform a
comprehensive first-principles study of Cu2Sb to elucidate the intrinsic properties of
the various reaction compounds that facilitate reversibility and minimize hysteresis
between discharge and charge.
We also considered the origins of irreversibility of TiO2(B), a promising intercala-
tion compound. We found that a phase transformation from LiTi2O4(B) to anatase
based LiTi2O4 is energetically possible and occurs along a strain invariant plane com-
mon to both anatase LiTi2O4 and LiTi2O4(B).
In addition to investigating the origins of hysteresis, we also studied the electro-
chemistry of novel intercalation host materials such as CaTi5O11 and Na3TiP3O9N
for Li-ion and Na-ion battery applications, respectively.
xiv
CHAPTER I
Introduction
1.1 Current Li-ion and Na-ion batteries and needs
Anode
Li+(Or Na+)
Electrolyte Cathode
e-
Figure 1.1: Schematic illustration of a Li-ion (or Na-ion) battery based on intercala-
tion reaction during the discharge reaction.
Most electrode materials currently used in Li and Na batteries are intercalation
compounds. As illustrated in Fig 1.1 upon discharge of battery, Li (or Na) ions are
released from an anode and move to a cathode through an electrolyte. This type
of reaction results in a valence shift of a transition metal ion. Fig 1.2 shows typical
intercalation compounds employed in commercialized Li-ion batteries. While graphite
is the most commonly used anode material, various transition metal oxides including
LiMnO2, LiCoO2, and LiFePO4 can serve as cathode materials. Although there are
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LiC6 LiMnO2 LiCoO2 LiFePO4
Anode Cathode
Spinel Layered structure Olivine
Figure 1.2: Intercalation compounds used in commercialized Li ion batteries
no electrode materials for commercially viable Na-ion batteries up to date, phosphate
based materials such as NaFePO4, NaVPO4F, Na3V2(PO4)3, Na3V2(PO4)2F3 have
been considered as the most promising candidates to be cathodic materials.[56, 89, 35]
In an intercalation reaction, Li (or Na) ions are inserted or extracted from inter-
stitial sites of the host structure without causing substantial structural degradation.
This makes intercalation compounds an ideal class of materials for electrochemical
energy storage applications. However, intercalation compounds have a limited capac-
ity due to crystallographic constraints of the host and thermodynamic instabilities
arising from large changes in Li (or Na) concentration within the host. Indeed in
most practical applications, intercalation compounds only react with 0.5 electrons
per transition metal.[86]
Hence, in order to increase the energy capacity of electrochemical energy storage,
there has been a considerable interest in finding alternative electrode chemistries that
undergo di↵erent solid-state reaction mechanisms.
2
1.2 Motivation and Overview
Alloying reactions and conversion reactions have been heavily investigated over
the past decades as alternative solid-sate reaction mechanisms.[17, 73] Unlike an in-
tercalation reaction, a conversion reaction is able to accommodate as many electrons
per transitional metal, M, needed to reduce its metallic state Mn+.[66] Therefore,
electrode materials undergoing conversion reactions can achieve much higher capac-
ities than currently commercialized intercalation compounds. For example, FeF2,
a well known conversion reaction cathode material, has a theoretical capacity of
571 mAhg 1,[2, 86] which is much higher than that of graphite (372 mAhg 1). A
conversion reaction can be classified into two types: pure conversion and displace-
ment reaction. When the starting compound has a strong structural relationship
with its lithiated products, the conversion reaction is usually called as displacement
reaction.[49, 84]
Another possible reaction mechanism to achieve a high capacity is via Li (or Na)
reacting directly with another element and forming a well-defined intermetallic phase
(LixM, or NaxM); this is called an alloying reaction.[87, 43, 25, 23] Good examples are
Si and Sn that can form intermetallic compounds having very high Li concentrations
(e.g. Li3.75Si and Li4.4Sn). The theoretical capacities of Si and Sn are 3579 mAhg 1
and 993 mAhg 1 respectively.[26, 16, 54]
However, those materials exhibit a large hysteresis in the voltage profile and have
very poor reversibility. A large hysteresis leads to irreversible energy loss upon cycling,
and this makes commercialization di cult.
A fundamental understanding of the factors that cause hysteresis in electrodes
undergoing complex solid-state reaction mechanisms is still quite limited. Therefore,
a main focus of this thesis is to explain the causes of hysteresis in Li-ion battery
electrodes that undergo either alloying or conversion reactions. There are several
sources of hysteresis in solid-state electrochemical reactions. One is purely dissipative
3
and emerges from sluggish kinetics on the timescale of the charge and discharge
cycle. Slowing the charge and discharge rate can systematically reduce this form
of polarization. Hysteresis in the voltage profile will also emerge if the reaction
follows a di↵erent path during discharge compared to that followed during charge.[21,
90] The resulting path hysteresis arises due to an asymmetry in competing kinetic
mechanisms and becomes more likely as the number of accessible kinetic mechanisms
of ion insertion/removal increases.[90] A third source of hysteresis can arise due to
mechanical dissipation, either when coherency strains need to be overcome during
two-phase coexistence[81] or in the form of plastic deformation, likely an important
factor in some alloying reactions undergoing large volume changes.[51]
For alloying reactions, we consider the Sb electrode. Although Sb has a smaller
specific capacity (660 mAhg 1[58]) than Si and Sn, it undergoes a smaller volume
change and fewer phase transformations upon reaction with Li. The electrochemical
reaction of Li with Sb electrode is also accompanied by path hysteresis with di↵erent
discharge and charge voltage profiles. However, interestingly, in spite of this, the
charge and discharge profiles as well as the capacity do not change much over the
di↵erent cycles in contrast to Si and Sn electrodes, which show large irreversible
capacity loss.
To explore hysteresis in conversion reactions, we investigate Cu2Sb which under-
goes a displacement reaction with Li. Almost all electrode compounds that rely on a
displacement or a conversion reaction exhibit a large hysteresis in the voltage profile
between charge and discharge. However, Cu2Sb exhibits a very small voltage hys-
teresis in the voltage profile upon charge and discharge. Our aim is, therefore, to
determine what about the intrinsic properties of the Li+Cu2Sb system allows it to
cycle with minimal hysteresis.
We also investigate the causes of irreversibility in intercalation reactions due to
phase transformations to more stable crystal structures upon Li insertion. From
4
the in situ high-resolution transmission electron microscopy (HRTEM) performed
by Sungjoo Kim, a strain-induced phase transformation upon Li ion insertion into
TiO2(B) was observed. The irreversible phase transformation upon Li ion insertion
also leads to energy losses during cycling. Thus we investigate phase stability of
TiO2 polymorphs and predict a possible phase transformation mechanism upon Li
intercalation in TiO2(B).
Lastly, CaTi5O11 and Na3TiP3O9N are investigated as a novel structural frame-
work undergoing intercalation reactions in Li-ion and Na-ion batteries respectively.
We explore the possible Li and Na sites and suggest possible di↵usion mechanisms
using first principles methodes.
5
CHAPTER II
Computational Method
To calculate the thermodynamic and kinetic properties of solids from first princi-
ples, we follow a two-step approach: (1) construct a cluster expansion and (2) perform
Monte Carlo simulations. In this chapter, we will review first-principles calculations
briefly and discuss the method for construction of the cluster expansion and the rel-
evant basics of Monte Carlo simulations.
2.1 First-principles calculations
The energies of various atomic arrangements are essential ingredients for the con-
struction of a cluster expansion Hamiltonian and the determination of phase stabil-
ity. These energies must be calculated from first principles by solving the many-body
time-independent Schrodinger equation:
H = E (2.1)
where H is the Hamiltonian operator for the solid,  is the many body wave function
for the electrons, and E is the total energy of the solid. Within the Born-Oppenheimer
approximation, ion and electron wave functions are independent from each other due
to the large di↵erence in their masses[14, 45]. Then the Hamiltonian can be simplified
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as:
H = Te + Ven + Vee + Vnn (2.2)
where Te is the electronic kinetic energy operator which can be expressed as:
Te =  1
2
X
j
r2j (2.3)
Ven and Vee describe the coulombic interactions between the nuclei and the electrons
of the solid, and between the two di↵erent electrons respectively. These terms can be
written as:
Ven =
X
j
 (~rj) (2.4)
Vee =
X
j
X
j<i
1
|~rj   ~ri| (2.5)
where ~rj refers to the positions of the electrons. The last term in 2.2 is the Ewald
energy arising from the coulombic interaction between the nuclei with charge Zm and
can be denoted as:
Vnn =
X
n
X
m<n
ZmZn
| ~Rm   ~Rn|
(2.6)
where ~Rm is the coordinates of the nuclei. Vnn is simply an additive term to obtain
the total energy of the crystal. Then, the total energy E,
E =
h |H| i
h | i (2.7)
is the expectation value of the Hamiltonian.
However, it is well known that solving the many body Schrodinger equation is impos-
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sible for realistic solids.[45, 69] Many approximations have been proposed to solve this
problem such as the Hartree-Fock (HF) approach, Density Functional Theory (DFT),
and various hybrid methods. However, the HF method is limited to simple systems
because the full wave function is approximated by a product of individual electron
wave functions.[69, 4] The DFT method avoids the full wave function by using the
electron density, n(r), which describes the density of electrons at a particular position,
r, in space.[69] While formally equivalent with the original Schrodinger equation for
the many body wave function, the DFT is more suited for the introduction of ap-
proximation. Thus, all of the first principles calculations in this thesis are performed
using the DFT.
2.1.1 Density Functional Theory
The fundamental theorems of DFT state that the ground state properties of a
crystal are uniquely determined by the electron density.[42, 45, 59, 69]
The ground state energy functional can be written as:
E[⇢] = Ts[⇢] + J [⇢] + Exc[⇢] +
Z
⇢(~r) (~r)d~r (2.8)
with ⇢(~r) =
X
j
 ⇤j (~r) j(~r) (2.9)
where Ts[⇢] is the kinetic energy of a system of non-interacting electrons with density
⇢. J[⇢] is the classical coulombic interaction,
J [⇢] =
1
2
Z Z
⇢(~r)⇢(~r0)
|~r   ~r0| d~r
~r0 (2.10)
and Exc is the exchange-correlation functional. The last term is the coulombic inter-
action between the electrons and the nuclei.
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This approach leads to Kohn-Sham equation[45, 60]
 
 1
2
r2 +  (~r) +
Z
⇢(~r0)
|~r   ~r0|d
~r0 +  xc(~r)
!
 i(~r) = "i i(~r) (2.11)
where the exchange-correlation potential, xc, is given by the functional derivative[60]
 xc =
 Exc[⇢]
 ⇢(~r)
(2.12)
Exc includes the di↵erence in kinetic energies between the system of independent
electrons with density ⇢ and the actual interacting system with the same density.
Since this di↵erence is generally expected to be small[59], Exc primarily accounts for
a correction to J [⇢] arising from electron correlations. The exact form of exchange-
correlation functional is unknown, but it can be approximated as a local or nearly
local functional of the electron density.
There are two well-known approximations for the exchange-correlation function:
the local density approximation (LDA)[37] and the generalized-gradient approxima-
tion (GGA)[37, 63, 28]. Although several di↵erent parameterizations of the GGA
functionals exist, two of the most widely used are the Perdew-Wang functional (PW91)[64],
and the Perdew-Burke-Ernzerhof functional (PBE)[62]. In this thesis, all DFT calcu-
lation used the generalized-gradient approximation as parameterized by PBE.
2.1.2 Pseudopotential Method
Many numerical techniques for solving the Kohn-Sham equations exist. How-
ever, among them, the Linear Augmented Plane Wave (LAPW)[70] method and the
pseudopotential[60, 65] method have proven to be most reliable. The LAPW method
is more accurate among the two, but is computationally more expensive. The pseu-
dopotential method based on the projector augmented wave (PAW)[12] method is
fast and relatively accurate compared to the LAPW method.
9
The pseudopotential method with PAW approach replaces the e↵ect of the core
electrons around the ions that do not participate in bonding with a smoother pseudo-
wave function. This provides a way to calculate all-electron properties along with
smooth parts of the valence functions. As results, the PAW approach has the advan-
tage in both computational e ciency and reliability.
All first-principles electronic structure calculations in this thesis were performed
using the PAW approach implemented in the Vienna ab initio simulation package
(VASP).[40, 38, 39]
2.2 Cluster expansion
2.2.1 Role of cluster expansion
Statistical mechanics serves as a bridge between the atomic-scale analysis and
their macroscale thermodynamics. According to statistical mechanics, macroscopic
properties are based on the weighted averages of all possible microstates. Therefore,
the relative frequency of a solid being in a specific microstate   determines the relative
importance of the microstates in calculating the thermodynamic averages, and it is
given at constant temperature T, volume V, and number of atoms N :
P  =
exp( E /BT )
Q
(2.13)
where B is the Boltzman’s constant and Q is the partition function. The partition
function is a normalization factor and defined as:
Q =
X
 
exp( E /BT ) (2.14)
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Thus, average thermodynamic properties can be evaluated as:
G =
X
 
G P  (2.15)
Furthermore, the free energy G is related to the partition function according to the
equation: [48]
G =  B T lnQ (2.16)
The free energy G is Gibbs free energy in canonical ensemble ( constant T, V, and N).
The Gibbs free energy is an important quantity to predict phase stability of di↵erent
phases at finite temperatures. To accurately evaluate the free energy, it is required
to know E  for all possible di↵erent excited states upon electronic, vibrational, and
configurational excitations.
Therefore, we need a model that accurately describes the functional relationship
between the energy and the associated degrees of freedom for all the microstates. For
this thesis, the configurational excitation is the most important factor to understand
thermodynamic properties. Hence, using cluster expansion, we represent the energy
as a function of linear combination of configurational excitations.
2.2.2 Construct formalism
A cluster expansion describes the dependence of the energy of a multi-component
crystal on the degree of ordering among its constituents. The evolution of the dis-
placement reaction of Li with Cu2Sb can be tracked in a ternary composition space
spanned by Li, Cu and Sb. Several intermediate phases are stoichiometric compounds,
while others form solid solutions over a limited concentration interval. All the phases
that form during the displacement reaction maintain the fcc Sb sublattice, di↵ering
only in the arrangement and composition of Li and Cu over the interstitial tetrahedral
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and octahedral sites of fcc Sb. Thus, We will use Li-Cu2Sb system as an example to
explain construction of ternary cluster expansion formalism.
We found it convenient to use Li3Sb, in which Li fills all octahedral and tetrahedral
sites of an fcc Sb sublattice, as a reference configuration for the cluster expansion.
Other compounds in the Li-Cu-Sb ternary having an fcc Sb sublattice can be obtained
from Li3Sb by replacing a subset of Li with vacancies and Cu. A particular ordering of
vacancies and Cu over the Li sites of Li3Sb can be specified with the help of occupation
variables assigned to each site. To this end, we introduce two occupation variables at
each Li site i of Li3Sb: pV ai , which is equal to 1 if site i is occupied by a vacancy and
zero otherwise and pCui , which is 1 if the site is occupied by Cu and zero otherwise.
If both occupation variables at a particular site i are zero, the site is occupied by
Li. The collection of all occupation variables ~p = {pCu0 , pV a0 , ..., pCui , pV ai , ..., pCuM , pV aM }
uniquely specifies the ordering of Li, Cu and vacancies over the M interstitial sites of
Sb. The dependence of the fully relaxed energy of the crystal on degree of order can
be written as an expansion in terms of polynomials of occupation variables according
to [67, 20]
E (~p) = E0 +
X
↵
E
~D
↵ · ⇤ ~D↵ (~p) , (2.17)
where E0 and E
~D
↵ are expansion coe cients and ⇤
~D
↵ are basis functions defined as
⇤
~D
↵ (~p) =
Y
j2↵
pD(i)j . (2.18)
where the index j runs over the sites of a cluster ↵ and ~D = {D(j)} labels the type
of occupation variable at each site j (i.e. pV ai or p
Cu
i ). The symmetry of the crystal
imposes constraints on the expansion coe cients by requiring that all symmetrically
equivalent cluster basis functions, ⇤ ~D↵ , have the same expansion coe cient E
~D
↵ . The
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cluster expansion is only practical if it can be truncated beyond a maximal cluster
size.
The coe cients of a truncated cluster expansion, E ~D↵ , were determined by fitting
to a training set of first-principles total energies. We used a genetic algorithm to deter-
mine the optimal basis functions to be included in a truncated cluster expansion[13].
We used the CASM software package[83, 82] to construct the cluster expansions
and parameterize their coe cients for first-principles total energy calculations.
2.3 Grand Canonical Monte Carlo simulations
Monte Carlo simulation is one of well known tools used in statistical mechanics.[1]
The cluster expansion allows to estimate the formation energy of any imaginary con-
figuration in a large supercell expeditely and accurately, while Monte Carlo simula-
tions average the thermodynamic quantities according to a transition probability.
In this study, Grand canonical Monte Carlo (MC) simulations based on the
Metropolis algorithm were applied to the cluster expansions to calculate thermo-
dynamic properties at room temperature. Averages of the grand canonical energy,
defined for each configuration as
⌦(~p, µLi, µCu) = E(~p) NLiµLi  NCuµCu (2.19)
as well as averages of the equilibrium number of Li, NLi, and Cu, NCu, were calcu-
lated as a function of temperature, T , and chemical potentials µLi and µCu. These
quantities were used to calculate the Gibbs free energy as a function of Li and Cu
concentration at room temperature, using standard free energy integration techniques
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[77, 88].
⌦(Tf , µLif , µCuf ) =
 Ti⌦(Ti, µLii , µCui) +
R  Tf
 Ti
(E(~p)  µLiNLi   µCuNCu)d 
 Tf
 
µLifZ
µLii
NLidµLi  
µCuiZ
µCuf
NCudµCu (2.20)
where  Ti = 1/(BT). The Gibbs free energy (G) defined as:
G(T, µLi, µCu) = ⌦(Tf , µLif , µCuf ) +NLiµLi +NCuµCu (2.21)
The Gibbs free energies were then used to calculate a ternary phase diagram in the
Li-Cu-Sb composition space and other derived thermodynamic properties including
the open circuit voltage profile of the conversion reaction, which is linearly related to
the Li chemical potential [90, 78].
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CHAPTER III
Elucidating the origins of path hysteresis during
electrochemical cycling of Li-Sb electrodes
3.1 Introduction
Li can react directly with another element such as Si, Sn, Al and Sb, which undergo
alloying reactions. Unlike intercalation reactions, the reaction of Li with Si and Sn,
for example, can yield compounds with very high Li concentrations (i.e. Li3.75Si
and Li4.4Sn) making capacities as high as 3579 mAhg 1and 993 mAhg 1theoretically
possible.[26, 16, 54] However, as discussed on Section I, these materials exhibit a large
hysteresis due to large volume changes and complex phase transformations during
cycling.
Here, we focuss on the Sb electrode to shed light on the cause of hysteresis in elec-
trodes of Li-ion batteries undergoing alloying reactions. Although Sb has a smaller
specific capacity of 660 mAhg 1than Si and Sn, it undergoes smaller volume changes
and fewer phase transformations upon reaction with Li. The electrochemical reaction
of Li with Sb electrodes is also accompanied by path hysteresis with the discharge
voltage profile qualitatively di↵ering in shape from the charge profile. Lithium in-
sertion into Sb electrodes leads first to the formation of Li2Sb having hexagonal
symmetry followed by the formation of Li3Sb having cubic symmetry.[58, 29] Upon
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Li removal, however, Li3Sb transforms directly to Sb, bypassing the intermediate
hexagonal Li2Sb phase.[58, 29] Hence, the discharge voltage curve has two plateaus
separated by a small step at the Li2Sb composition, while the charge profile has a
single plateau, which is usually about 0.2-0.3 V above the discharge plateaus. The
hysteresis persists even at low charge and discharge rates. In spite of this path hys-
teresis, the charge and discharge profiles as well as the capacity does not change much
over many cycles[6] in contrast to bulk Si and Sn electrodes, which can show large
irreversible capacity losses.[26, 57]
With the aim of elucidating the origin of the path hysteresis exhibited by the
alloying reaction of Li with Sb, we perform first-principles calculations to establish
a range of crystallographic, electronic, thermodynamic and kinetic properties of the
three phases that form during the electrochemical reaction of Li with Sb. Based on
these property predictions we argue that path hysteresis in Sb electrodes arises from
an asymmetry in the competition between Li di↵usion rates and driving forces for
nucleation. These triggers are likely common to many other electrode chemistries
that su↵er from path hysteresis.
3.2 Method
First-principles electronic structure calculations were performed using density
functional theory (DFT) within the generalized gradient approximation as param-
eterized by Perdew-Burke-Ernzerhof (PBE).[62] We used the Vienna Ab initio sim-
ulation package (VASP) plane wave pseudo-potential code[38, 39] with the projector
augmented wave method (PAW) to describe the interactions between valence and
core electrons.[40, 12] An energy cuto↵ of 400 eV was used. We used a  -point cen-
tered 12⇥12⇥12 k-point mesh for the primitive cell of Li3Sb, a 6⇥6⇥6 k-point mesh
for the unit cell of Li2Sb and a 12⇥12⇥4 mesh for the unit cell of Sb. The k-point
meshes for supercell of these structures were chosen to yield a similar k-point density
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in reciprocal space. Ionic positions and the lattice parameters of each structure were
fully relaxed.
To study o↵ stoichiometry at room temperature (as opposed to 0 K), we also per-
formed a statistical mechanical study of the thermodynamic properties using cluster
expansion Hamiltonians and Monte Carlo simulations. We used the CASM software
package[83, 82] to construct the cluster expansions and parameterize their coe cients
to first-principles total energy calculations as well as to perform Monte Carlo simu-
lations.
Lithium migration mechanisms and barriers were determined using the climbing
image nudged-elastic-band method,[27] as implemented in VASP. For each phase, a
large supercell was used, allowing all atoms to relax while holding the lattice param-
eters and volume of the supercell fixed.
To calculate electronic densities of state and band structure of A7 Sb, hexagonal
Li2Sb and cubic Li3Sb we used the HSE06 hybrid functional.[41]
3.3 Results
3.3.1 Crystallography
There are three distinct phases that can coexist when Li alloys with Sb. The
first is pure Sb, prototype A7, which belongs to space group R3¯m (No.166).[68] Its
crystal structure is shown in Fig. 3.1a and consists of puckered layers. The second
phase is hexagonal Li2Sb belonging to space group P6¯2c (No.190)[52] and is shown
in Fig. 3.1b. The last phase is Li3Sb which has cubic symmetry and belongs to space
group Fm3¯m (No.225).[68, 15] Since A7 Sb, hexagonal Li2Sb and cubic Li3Sb are
distinct phases that can tolerate some degree of o↵-stoichiometry, we will refer to
them with the Greek letters ↵,   and   respectively.
↵-Sb,  -Li2Sb and  -Li3Sb can each be described as the stacking of either trian-
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(a) 
(c) 
(b) 
Ah AtAt Bt Ct At’ Ah Li At’
Sb Li
LiSb4(6g)
LiSb5(6h)
 γ-Li3Sb (cubic) β-Li2Sb (hexagonal) α-Sb (rhombohedral)
Figure 3.1: Crystal structures of (a) pure ↵-Sb (R3¯m, prototype A7) and (b) hexago-
nal  -Li2Sb (P6¯2c). (c) Schematic illustrations of structural transforma-
tions from ↵-Sb to  -Li2Sb and from  -Li2Sb to  -Li3Sb. At,Bt, and Ct
represent triangular lattices and Ah represents a honeycomb network. At0
represents a triangular lattice rotated by 30 degrees.
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gular Sb layers or a combination of triangular and honeycomb Sb layers. Following
convention, we denote stacking sequences of triangular layers with the letters A, B
and C. To emphasize that these layers are triangular lattices, we add a subscript t
such that the stacking in fcc, for example, would be denoted by AtBtCt. There are
also several ways of stacking a honeycomb network, which can also be denoted by the
letters A, B and C. For a honeycomb layer, we add the subscript h. In describing the
crystallographic relationships between ↵-Sb,  -Li2Sb and  -Li3Sb, we will also need
to distinguish between layers that have been rotated by 30 degrees around an axis
perpendicular to the layer. We label these layers with a prime, e.g. At0 .
The crystal structure of pure ↵-Sb is similar to the fcc lattice except that every
other close-packed (111) layer is o↵-centered. Fig. 3.1c illustrates the ↵-Sb crystal
structure as represented by layers of triangular lattices. The triangular lattices have
an AtBtCt stacking sequence as in fcc, but with non-uniform spacing between pairs
of planes. The o↵-centering of alternating layers allows the Sb of one close-packed
plane to form three short bonds with neighboring Sb of the other close-packed plane
(Fig. 3.1a).
The crystal structure of hexagonal  -Li2Sb is also layered in the sense that the Sb
sublattice can be described as consisting of two-dimensional honeycomb layers, Ah,
interleaved by two-dimensional triangular lattices, At0 . The Sb-Sb nearest neighbor
distance within the At0 layers of  -Li2Sb is substantially larger than that in the trian-
gular layers of pure Sb as they reside above and below the centers of the honeycomb
rings of the adjacent Ah layers. The Sb sublattice is identical to the omega phase of
elemental metals such as Ti and Zr and their suboxides.[30, 76] The Li ions occupy
two symmetrically distinct interstitial sites within this Sb sublattice. The first is a
five-fold coordinated square pyramidal site (6h Wycko↵ position), while the second
is a four fold coordinated tetrahedral site (6g Wycko↵ position).
The Sb sublattice of  -Li3Sb forms a perfect fcc lattice, which is a stacking of
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close-packed triangular lattices, i.e. AtBtCt. The Li ions occupy all the octahedral
and tetrahedral interstitial sites of the fcc Sb sublattice.
Although several crystallographic pathways linking ↵-Sb to the Sb sublattice of
the  -Li2Sb phase can be identified, one is especially straightforward. It relies on the
splitting of each triangular lattice of Sb into a honeycomb layer and a new triangular
lattice that is rotated by 30 degrees and has a much larger nearest neighbor distance
between Sb. An At layer of pure ↵-Sb, for example, can split into a Ah honeycomb
layer and a At0 layer, as illustrated in Fig. 3.1c. The Sb atoms of At that ultimately
form the At0 triangular lattice form a
p
3 ⇥ p3 supercell in the original At layer. If
every triangular layer splits in this manner, an intermediate crystal is formed with
AhAt0BhBt0ChCt0 stacking, as illustrated in Fig. 3.1c. This intermediate crystal must
be sheared to obtain the AhAt0AhAt0AhAt0 of the Sb sub lattice in  -Li2Sb, as shown
in Fig. 3.1c.
A similar mechanism connects the Sb sublattice of  -Li2Sb with that of  -Li3Sb.
The collapse of a honeycomb network Ah with a triangular lattice At0 forms a trian-
gular lattice At. The collapse of pairs of Ah and At0 must also be accompanied by a
shear to take the resulting AtAtAt stacking to an fcc AtBtCt stacking characterizing
the Sb sublattice of  -Li3Sb.
In view of the crystallographic similarities between the three phases, the pos-
sibility exists that the two-phase reactions between any pair of them could occur
coherently. An important metric to analyze this possibility is the transformation
strain required to deform one crystal into the other. If the transformation strain
is small, the two-phase reaction may proceed coherently without incurring large co-
herency strain energy penalties. The transformation strain can be defined using the
starting phase as the reference. The Green-Lagrange strain tensor, E, is related to
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the deformation gradient Fˆ according to
E =
Fˆ+Fˆ   I
2
(3.1)
where, for homogeneous strain, the 3⇥3 deformation gradient matrix Fˆ relates the
lattice vectors of the transformed crystal a0, b0 and c0 to the lattice vectors of the
original crystal a, b and c according to a0 = Fˆa. Fˆ+ corresponds to the transpose of
Fˆ .
In general, large misfit strains between the original crystal structure and the new
crystal structure will incur large strain energy costs when the two phases coexist
coherently. If this strain energy is larger than the cost of forming an incoherent inter-
face, the transformation will occur reconstructively. As is to be expected for alloying
reactions, the volume changes in the Li-Sb system are very large. Transforming from
↵-Sb to  -Li2Sb results in a volume change of close to 90%, while the addition of Li
to  -Li2Sb to form  -Li3Sb results in a further increase of about 35% relative to the
Sb volume. Large volume changes by themselves, though, do not necessarily result in
strain energy penalties. There are special anisotropic transformation strains in which
particular crystallographic planes do not undergo a strain as the original crystal trans-
forms into the new crystal. The transformation can then proceed coherently in the
absence of coherency strains if the interface separating the growing phase from the
original phase within an electrode particle is parallel to these strain invariant planes.
The requirement for the existence of a strain invariant plane is that one eigenvalue of
E is equal to 0, one eigenvalue is greater than 0 and one eigenvalue is less than 0.[34]
The eigenvalues of the transformation strains (Eq. 3.1), assuming the crystallo-
graphic transformation paths described above and using experimentally measured
lattice parameters[68, 52], are listed in Table 3.1. The transformation strains are
very large as is clear by the large eigenvalues. However, they all show at least one
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Transformation path  1  2  3
↵-Sb !  -Li2Sb -0.0416 0.0669 1.3652
↵-Sb !  -Li3Sb -0.1031 0.0817 2.4883
 -Li2Sb !  -Li3Sb -0.2224 0.0130 0.7493
 -Li2Sb ! ↵-Sb -0.3660 -0.0590 0.0453
 -Li3Sb !  -Li2Sb -0.2999 -0.0127 0.4007
 -Li3Sb ! ↵-Sb -0.4163 -0.0702 0.1299
Table 3.1: The eigenvalues of the transformation strains for various crystallographic
transformation paths using experimentally measured lattice parameters
positive and one negative eigenvalue as well as an eigenvalue close to zero. Neverthe-
less, the eigenvalues close to zero are still sizable and thus none of the transformation
strains exhibit a strict strain invariant plane. If any of these transformations occur
coherently, they will be accompanied by coherency strain. We point out though that
the transformations that most closely approach the conditions for a strain invariant
plane are between Li2Sb and Li3Sb.
3.3.2 Electronic structure
The electrodes of an electrochemical cell should exhibit some degree of electronic
conductivity such that electrons can reach the electrode/electrolyte interface where
the electrochemical reactions occur. We used both DFT-PBE as well as HSE06 [41]
to calculate the electronic density of states and band structure of ↵-Sb,  -Li2Sb
and  -Li3Sb. The density of states and band structure as calculated with HSE06 are
shown in Fig. 3.2. Both ↵-Sb and  -Li3Sb are predicted to be semi-conductors having
band gaps of approximately 0.05 and 1.1 eV respectively.  -Li2Sb is predicted to be
metallic, but with the Fermi level close to a minimum in the density of states.
Lithium removal from  -Li3Sb lowers the Fermi level into the valence band re-
sulting in the creation of holes. The density of states rises sharply when decreasing
the Fermi level away from the valence band maximum. This suggests that the holes,
created upon Li removal, will likely form itinerant states that are mobile, very quickly
making  -Li3 ySb electronically conducting. The band gap of ↵-Sb is predicted to
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Figure 3.2: Calculated electronic density of states and band structures of (a) ↵-Sb
(rhombohedral unit cell), (b)  -Li2Sb (hexagonal unitcell), and (c)  -
Li3Sb using the HSE screened hybrid functional. The Fermi level is set
to zero.
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Figure 3.3: Density of states of the A7 form of ↵-Sb (blue) and the perfect fcc form
of Sb (orange). The A7 form of ↵-Sb is similar to the fcc lattice with the
exception that every other close-packed(111) layer is o↵-centered.
be very small. As described above, the A7 form of ↵-Sb can be derived from per-
fect fcc Sb by reducing the distance between alternating pairs of close packed planes,
thereby lowering the symmetry of the crystal and doubling the size of the primitive
unit cell. Perfect fcc Sb is predicted with HSE06 not to have a band gap. The band
gap emerges as alternating pairs of (111) planes are shifted o↵ center to form the A7
crystal structure (Fig. 3.3). The addition of interstitial Li to the Sb host should shift
the Fermi level into the conduction band. Again, the density of states increases very
rapidly when moving into the conduction band, suggesting that electrons donated by
inserted Li are likely to be delocalized and itinerant due to the strong dispersion of
the conduction bands.
3.3.3 Thermodynamic properties
An electrode material that undergoes path hysteresis will pass through metastable
states for at least some portion of the charge and discharge process. While ↵-Sb,  -
Li2Sb and  -Li3Sb are line compounds their crystal structures suggest that they can
tolerate some degree of o↵-stoichiometry, either by introducing interstitial Li in ↵-Sb,
or by creating Li vacancies in  -Li2Sb and  -Li3Sb. To determine the accessibility
of these metastable o↵-stoichiometric compositions, we calculated the free energies of
dilute ↵-Sb,  -Li2Sb and  -Li3Sb using a cluster expansion approach.
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states are connected with a black line forming a convex hull. (c) Vol-
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Throughout the remainder of the text, we will work with di↵erent composition
variables depending on the context. In some contexts it is convenient to track the
number of Li, NLi, normalized by the number of Sb, NSb, a quantity we will denote
with x = NLi/NSb. This composition variable appears in the chemical formula LixSb.
In other contexts, it is convenient to work with an atomic fraction, which we define
as z = NLi/(NLi + NSb). In terms of z, the chemical formula of the alloy is then
LizSb(1 z). We will also denote o↵-stoichiometric forms of ↵-Sb,  -Li2Sb and  -Li3Sb
as Li Sb, Li2 ✏Sb and Li3 ⇣Sb respectively, where   refers to a dilute Li concentration
and ✏ and ⇣ refer to dilute vacancy concentrations (all normalized by the number of
Sb).
As a first step in parameterizing cluster expansion Hamiltonians for each com-
pound, we enumerated symmetrically distinct Li-vacancy orderings over the intersti-
tial sites of ↵-Sb and over the Li sites of hexagonal Li2 ✏Sb and cubic Li3 ⇣Sb. The
Li-vacancy orderings were enumerated within symmetrically distinct supercells of the
primitive unit cells of the parent compounds. We calculated the total energies of
these configurations with DFT-PBE as implemented in VASP. Fig. 3.4a shows the
resulting formation energies, defined as
 E(z) = E(z)  zELi   (1  z)ESb (3.2)
where, E(z) is the DFT energy of a particular configuration in a supercell having
an atomic fraction z. The energy E(z) is normalized by the total number of atoms
within that supercell (NLi +NSb). ELi and ESb are DFT energies per atom of bcc Li
and ↵-Sb respectively.
Fig. 3.4a shows that hexagonal  -Li2Sb, and cubic  -Li3Sb are predicted to be
stable intermediate compounds in the Li-Sb binary. Interestingly, configurations hav-
ing very dilute vacancy concentrations over the octahedral sites of  -Li3 ⇣Sb are also
predicted to reside on the convex hull (e.g. Li2.96 and Li2.98Sb). Moreover, a large
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number of configurations with dilute concentrations of lithium vacancies in hexagonal
 -Li2Sb and cubic  -Li3Sb have formation energies close to the convex hull.
Fig. 3.4b shows formation energies calculated relative to ↵-Sb and  -Li3Sb and
plotted versus Li concentration x/3. The energies of each structure in this plot
are normalized by the number of Sb atoms. This figure more clearly illustrates the
stability of the di↵erent metastable structures relative to the three ground states ↵-
Sb,  -Li2Sb and  -Li3Sb. The volumes of the di↵erent structures are also shown in
Fig. 3.4c as a function of x/3.
(a) CUB (LiSb) (b) TRI (Li1.5Sb)
a
a
b
b
b b
a
a
c
c
c
c
(c) FCC+A7 (Li2Sb) (d) FCC+CUB (Li1.8Sb)
A7 CUB
FCCFCC
Figure 3.5: Examples of relaxed metastable structures upon creation of large vacancy
concentrations in hexagonal  -Li2Sb and cubic  -Li3Sb or upon insertion
of small lithium concentrations in ↵-Sb.
The introduction of large vacancy concentrations in  -Li2Sb and  -Li3Sb often
causes the original structure to relax to very di↵erent final structures. We have been
able to distinguish between several categories of crystal structures that emerge when
relaxing  -Li2Sb and  -Li3Sb upon removal of Li. The energies of these structures
are denoted by di↵erent symbols in Fig. 3.4. The green diamonds (FCC) correspond
to energies of structures in which the Sb sublattice of Li3 ⇣Sb maintains its fcc sub-
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lattice as in stoichiometric cubic Li3Sb. The dark red triangles (HEX) correspond to
structures in which the Sb sublattice is that of stoichiometric Li2Sb. Addition of Li to
Sb starting in the A7 crystal structure, even at very dilute Li concentrations, causes
the Sb sublattice to adopt a cubic network, as illustrated in Fig. 3.5a. The energies of
these structures are denoted with blue squares (CUB) in Fig. 3.4. The pink triangles
(TRI) having stoichiometry Li1.5Sb in Fig. 3.4 consist of close-packed triangular Sb
sublattices having an AtAtAt stacking sequence (as illustrated in Fig. 3.5b). The Li
occupy a subset of the trigonal prismatic interstitial sites within the Sb sublattice.
For Li compositions between LiSb and Li2Sb, a variety of hybrid structures emerge
as shown in Fig. 3.5c and 3.5d. The half-blue circles (FCC+A7) in Fig. 3.4 corre-
spond to the energies of layered structures that have several close packed triangular
Sb layers as in fcc interleaved by a puckered Sb layer as in the A7 crystal structure
of pure Sb (Fig. 3.5c). The half-green circles (FCC+CUB) correspond to energies of
structures that are also layered, but have Sb triangular lattices interleaved by a layer
made up of cubes of Sb as in the cubic structures of dilute LixSb (Fig. 3.5d).
The formation energies of configurations having low vacancy concentrations within
hexagonal  -Li2Sb and cubic  -Li3Sb were used to parameterize the expansion coef-
ficients of cluster expansion Hamiltonians [67, 20]. Separate cluster expansions were
constructed for hexagonal  -Li2 ✏Sb and cubic  -Li3 ⇣Sb. In parameterizing a cluster
expansion for cubic  -Li3 ⇣Sb, only configurations that maintained the fcc Sb sublat-
tice after relaxation (FCC in Fig. 3.4) were used, while in the parameterization of the
cluster expansion for the hexagonal phase only configurations that maintained the Sb
sublattice of  -Li2Sb (HEX in Fig. 3.4) were used. The cluster expansions were sub-
jected to grand canonical Monte Carlo simulations to predict the dependence of the
Li chemical potential on Li concentration within each compound. This dependence
was then integrated to calculate the Gibbs free energy, g (normalized by the total
number of atoms) as a function of concentration z. The calculated free energies are
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Figure 3.6: The calculated free energies of  -Li2 ✏Sb and  -Li3 ⇣Sb at 300 K plotted
as a function of atomic fraction z in LizSb1 z.
shown in Fig. 3.6 [19].
The voltage of an electrochemical cell using metallic Li as the anode is related to
the Li chemical potentials according to
V (z) =  (µLi(z)  µoLi)/e (3.3)
where, µLi(z) is the Li chemical potential in LizSb1 z and µoLi is the Li chemical
potential of metallic Li. The chemical potentials in Eq. 3.3 are in units of eV and e
corresponds to the charge of an electron.
Fig. 3.7 shows the calculated equilibrium voltage curve as a function of Li concen-
tration. A small step at the composition of  -Li2Sb (z=0.66) separates two plateaus
corresponding to two-phase reactions between ↵-Sb and  -Li2Sb and between  -Li2Sb
and  -Li3Sb respectively. The step height is approximately 40 mV. Fig. 3.7 also shows
metastable voltage profiles for  -Li2 ✏Sb and  -Li3 ⇣Sb. Cubic  -Li3 ⇣Sb can reach
high vacancy concentrations (⇣ ⇠0.5) with a 0.2V overpotential relative to the equi-
librium  -Li3Sb to  -Li2Sb voltage plateau.
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3.3.4 Kinetic properties
Li di↵usion within the three stable compounds is an important property as it deter-
mines the rates with which the electrode can be charged and discharged and is likely to
play a role in the selection of kinetic pathways. A key quantity in assessing the mobil-
ity of Li ions is the migration barrier of individual hops. Di↵usion in most electrode
materials for Li-ion batteries occurs at non-dilute concentrations and can be quite
complex due to the dependence of migration barriers and hop mechanisms on the local
concentration and the varying degrees of disorder among lithium and vacancies.[78] A
treatment of non-dilute di↵usion requires kinetic Monte Carlo approaches combined
with cluster expansion techniques, for example, to describe the dependence of atomic
hop barriers on the local degree of Li-vacancy ordering.[80, 83, 10, 11] Since ↵-Sb,
hexagonal  -Li2 ✏Sb and cubic  -Li3 ⇣Sb are essentially line compounds, we need
only consider di↵usion in the presence of dilute concentrations of mediating defects
such as Li interstitials or Li vacancies. The di↵usion coe cient in these dilute lim-
its is directly proportional to individual atomic hop frequencies[78], which can be
approximated with transition state theory.[85]
In ↵-Sb, the relevant di↵usion process is the migration of an isolated interstitial Li
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from one site to an adjacent interstitial site, while in hexagonal  -Li2 ✏Sb and cubic  -
Li3 ⇣Sb atomic di↵usion is mediated through the migration of isolated vacancies and
possibly divacancies between adjacent sites of the Li sublattices of the compounds.
Using the nudged elastic band method as implemented in VASP, we calculated the
migration barriers for elementary hops in ↵-Sb,  -Li2Sb and  -Li3Sb.
For nudged elastic band calculations of isolated interstitial Li hops in ↵-Sb, we
used a 3⇥3⇥2 supercell of the hexagonal unit cell of A7 Sb, while for Li hops into
isolated vacancies in  -Li2Sb we used a 2⇥2⇥2 supercell of the hexagonal unit cell.
Nudged elastic band calculations for Li hops into isolated vacancies and divacancies
in cubic  -Li3Sb were performed with a 3⇥3⇥3 supercell of the primitive cell of cubic
Li3Sb.
At dilute Li concentrations, individual Li ions can occupy two distinct interstitial
sites in A7 Sb: an eightfold coordinated site (3b), and a compressed octahedral site
(3a). The eightfold 3b site is more stable than the compressed octahedral 3a site
by ⇠200 meV. Li can hop between adjacent sites, either by performing a curved
hop by passing through an intermediate tetrahedral site or by following a direct
hop as illustrated in Fig. 3.8b and 3.8d. The calculated migration barriers shown
in Fig. 3.8a and 3.8c, are high when compared to typical Li migration barriers in
electrode materials for Li-ion batteries.[80] The connectivity of these hops forms a
three-dimensional network, such that Li di↵usion will be three dimensional.
There are two symmetrically distinct Li sites in hexagonal Li2Sb, a tetrahedral
site (6g) and a square pyramidal site (6h). An isolated vacancy prefers to reside in the
6g tetrahedral site. The energy increases by ⇠40 meV when the vacancy moves from
the tetrahedral site to the 6h square pyramidal site. Fig. 3.9a shows the energy as a
Li ion migrates from the square pyramidal site to a neighboring vacant tetrahedral
site. Li can also hop between neighboring tetrahedral sites parallel to the c axis
and the energy for this hop is shown in Fig. 3.9c. The migration barriers for both
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Figure 3.8: Migration barriers and paths for Li hops in ↵-Sb at dilute Li concen-
trations. (a) Barrier and (b) hop path for a Li hop from an eightfold
coordinated site to an adjacent compressed octahedral site. (c) Barrier
and (d) hop path for a Li hop in a basal plane from an eightfold coordi-
nated site to an adjacent eightfold coordinated site.
hops are of the order of 200-250 meV. Hops between neighboring tetrahedral sites or
neighboring square pyramidal sites parallel to the basal plane of the hexagonal unit
cell are also possible, however, the barriers for these hops are of the order of 1 eV and
are therefore unlikely to contribute much to macroscopic Li di↵usion. The collection
of the symmetrically equivalent nearest neighbor hops with low barriers forms a three
dimensional network. The Li ions of cubic Li3Sb fill both the tetrahedral and
octahedral interstitial sites of the fcc Sb sublattice. An isolated vacancy prefers to
reside on the octahedral site. The energy of the crystal increases by 100 meV when
the vacancy moves from the octahedral site to the tetrahedral site. The energy along
the migration path as a Li atom hops from a tetrahedral site to an octahedral site is
shown in Fig. 3.10a. The energy barrier is less than 150 meV, a very small value. A
similar migration barrier was recently predicted by Baggetto et al [6] for Li3Sb. The
calculated free energy for  -Li3 ⇣Sb shown in Fig. 4.5 suggests that Li3Sb can tolerate
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Figure 3.9: Migration barriers and paths for Li hops in hexagonal  -Li2Sb. (a) Barrier
and (b) hop path for a Li hop from a square pyramidal site to an adjacent
vacant tetrahedral site. (c) Barrier and (d) hop path for a Li hop between
neighboring tetrahedral sites parallel to the c axis.
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Figure 3.10: Migration barriers and paths for Li hops in cubic  -Li3Sb having an fcc
Sb sublattice. (a) Barrier and (b) hop path for Li hop from a tetrahedral
site to adjacent vacant octahedral site. (c) Barrier and (d) hop path for
a Li hop from a tetrahedral site into a vacant octahedral site next to a
vacant tetrahedral site (Li hops into a divacancy).
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o↵ stoichiometry and that vacancy clusters may be prominent [78]. We therefore also
considered Li hops into a divacancy. Fig. 3.10c shows the energy as a Li hops from a
tetrahedral site into a vacant octahedral site next to a vacant tetrahedral site. While
isolated vacancies in Li3Sb prefer to reside on octahedral sites, when an octahedral
vacancy is next to a tetrahedral vacancy, the energy of the crystal actually decreases
when a tetrahedral Li hops into the octahedral site, thereby forming two tetrahedral
vacancies. The barrier for this hop, as for the single vacancy hop, is again very low
and of the order of 150 meV.
3.4 Discussion
Although the charge and discharge of Sb electrodes appears facile and stable over
many cycles, it nevertheless exhibits path hysteresis.[58, 29] The discharge voltage
profile (i.e. during Li insertion) has two plateaus with a small step corresponding to
the formation of Li2Sb, while the charge voltage profile (Li extraction) has a single
plateau between Li3Sb and Sb. The voltage interval in which Li2Sb is stable relative
to Sb and Li3Sb is very small (⇠ 0.04V as predicted from first principles) and may
not appear as a sharp step in experimental discharge voltage profiles. Nevertheless,
there is a consistent di↵erence of ⇠ 0.2-0.3 V between charge and discharge with in
situ XRD indicating the formation of Li2Sb upon discharge, but its absence during
charge.[29]
The occurrence of a phase transformation requires some degree of supersaturation,
or in electrochemical terms an overpotential relative to the equilibrium potential of
two-phase coexistence. It is only then that thermodynamic driving forces for trans-
formation exist. A thermodynamic driving force is defined as a di↵erence between
the free energy of the stable phase and the metastable (supersaturated) phase. The
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grand canonical free energy defined as
  = g˜   µLix (3.4)
is the relevant thermodynamic potential when electrochemically controlling the Li
chemical potential through the cell voltage (see Eq. 3.3). In Eq. 3.4, g˜ is the Gibbs
free energy normalized by the number of Sb, NSb. Figure 3.11 shows the calculated
grand canonical free energies of ↵-Sb,  -Li2Sb and  -Li3Sb as a function of voltage.
Thermodynamic equilibrium at constant voltage (or equivalently at constant µLi) is
determined by the phase with the lowest grand canonical free energy  . Chemical
potentials (or voltages) where grand canonical free energies of di↵erent phases cross
correspond to equilibrium phase transition voltages. It is at these voltages that a
plateau emerges in the voltage profile due to a discontinuous change in concentration
when going from one phase to the next. As is clear in Figure 3.11, high voltages
(above 0.87 V) stabilize ↵-Sb, while low voltages below 0.83 stabilize  -Li3Sb. The
 -Li2Sb phase is only stable in a narrow voltage window of ⇠ 0.04 eV. It can be shown
that the slopes of the grand canonical free energies in Figure 3.11 are proportional
to the Li concentration x. Since  -Li2Sb and  -Li3Sb have similar Li concentrations,
their grand canonical free energy curves,    and   , have similar slopes.
The similarities in the slopes of    and    as a function of voltage leads to a strong
asymmetry in driving forces when transforming from ↵-Sb to  -Li2Sb during discharge
versus transforming from  -Li3Sb to  -Li2Sb upon charge. During discharge of an Sb
electrode, an underpotential (polarization),  V , relative to the equilibrium ↵-Sb !
 -Li2Sb voltage of ⇠ 0.87 V is required to create a driving force,   ↵!  =       ↵,
for the transformation. As is evident in Figure 3.11, this driving force very rapidly
becomes large with increasing underpotential  V . While a driving force for a ↵-
Sb to  -Li3Sb,   ↵! , also emerges with an underpotential, it is approximately as
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Figure 3.11: Grand Canonical Free Energies   for ↵-Sb,  -Li2Sb and  -Li3Sb as a
function of voltage. The grand canonical free energies are normalized by
the number of Sb in each phase.
large as   ↵! . In the opposite direction, when charging  -Li3Sb by increasing
the voltage above the equilibrium   -   transition voltage of 0.83 V, the driving
force to form  -Li2Sb,    ! , does not increase markedly with over potential since
   and    have similar slopes and run almost parallel to each other. Instead, for
overpotentials  V larger than ⇠ 0.02 eV, the driving force for the formation of ↵-
Sb directly from  -Li3Sb,    !↵, emerges and very quickly becomes substantially
larger than    ! . Figure 3.11 illustrates a general principle that the driving forces
for transformation between phases having similar Li concentrations increases less
rapidly with over (under) potential than that between phases having very di↵erent
concentrations, when controlling the Li chemical potential electrochemically.
The asymmetry is further amplified when considering driving forces for nucleation.
Nucleation driving forces and barriers play a key role in phase selection during a phase
transformation. The driving force for nucleation are more conveniently represented
in Gibbs free energy versus atomic fraction, z, diagrams as schematically illustrated
in Figure 3.12. The Li chemical potential of a particular phase, ↵ for example,
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Figure 3.12: Schematic illustration of the driving force for the nucleation of a new
phase ( ) in a supersaturated phase (↵).
corresponds to the intercept of the tangent to the free energy of ↵ with the z=1
axis. A driving force for nucleation of a new phase   within a preexisting phase
↵ can only emerge if ↵ is supersaturated with respect to its equilibrium solubility
limit z↵ determined by the common tangent to the free energies of ↵ and   as shown
schematically in Fig. 3.12. A supersaturation in Li concentration (z > z↵) results in an
overpotential  µLi relative to the equilibrium Li chemical potential, µ
equilibrium
Li , of the
↵    two-phase coexistence. The overpotential  µLi can be represented graphically
in a free energy versus concentration plot as illustrated in Fig. 3.12. According to
Eq. 3.3, this overpotential in Li chemical potential is equal to -e V , where  V is an
underpotential in voltage. As shown in Fig. 3.12, the driving force for the nucleation
of a new phase,  , in a supersaturated phase, ↵, is equal to the distance between the
free energy of   evaluated at the composition of nucleation, z nuc, and the tangent
to the free energy of the supersaturated ↵ phase.[8]. While there are no a priori
constraints on the concentration of the nucleus, z nuc, here we will assume that the
new phase nucleates at the same Li chemical potential as that of the parent phase.
This is illustrated graphically in Fig. 3.12.
Fig. 3.13a graphically shows the nucleation driving forces for  -Li2Sb and  -Li3Sb
in a supersaturated ↵-Sb phase when an underpotential of 0.1V relative to the equi-
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Figure 3.13: (a) The nucleation driving forces for  -Li2Sb and  -Li3Sb in a supersat-
urated ↵-Sb phase when an overpotential of 0.1V relative to the equilib-
rium voltage plateau for the ↵-Sb to  -Li2Sb reaction is imposed. (b)
The nucleation driving forces for  -Li2Sb and ↵-Sb in a supersaturated
 -Li3Sb phase when an overpotential of 0.1V to extract Li from  -Li3Sb
is imposed relative to the equilibrium voltage of the  -Li3Sb to  -Li2Sb
reaction.
librium voltage plateau for the ↵-Sb to  -Li2Sb reaction is imposed. As is clear from
Fig. 3.13a, the driving forces  g↵! nuc and  g
↵! 
nuc to nucleate  -Li2Sb and  -Li3Sb from
a supersaturated ↵-Sb phase upon Li insertion are very similar. Fig. 3.13b shows the
nucleation driving forces for  -Li2Sb and ↵-Sb,  g ! nuc and  g
 !↵
nuc , when an over-
potential of 0.1V to extract Li from  -Li3Sb is imposed relative to the equilibrium
voltage of the  -Li3Sb to  -Li2Sb reaction. In this case, the  g !↵nuc is substantially
larger than  g ! nuc . The much larger di↵erence in concentration between ↵-Sb and
 -Li3Sb compared to that between  -Li2Sb and  -Li3Sb results in a lever e↵ect that
significantly enhances the nucleation driving force for ↵-Sb relative to that for  -
Li2Sb.
The lever e↵ect becomes more apparent when the driving force for nucleation
is plotted as a function of over (under) potential. Fig. 3.14a shows the nucleation
driving force for  -Li2Sb and  -Li3Sb when an overpotential to insert Li is applied
to ↵-Sb. Since the concentrations of Li2Sb and Li3Sb are very close to each other,
the nucleation driving forces for both phases are almost identical in value, especially
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Figure 3.14: The nucleation driving forces as a function of overpotential. (a) The
nucleation driving force for  -Li2Sb and  -Li3Sb when an overpotential
to insert Li is applied to ↵-Sb. (b) The nucleation driving forces for
 -Li2Sb and ↵-Sb when an overpotential to extract Li from  -Li3Sb is
applied.
for large over potentials. Consistent with this, weak Li3Sb resonances are observed
even in the Li0.75Sb sample (i.e., during the Sb-Li2Sb process). The situation is very
di↵erent when applying an overpotential to extract Li from  -Li3Sb, as shown in
Fig. 3.14b. The driving force for the nucleation of ↵-Sb exceeds that of  -Li2Sb
already at overpotentials as small as 0.03 eV. The insertion of Li into ↵-Sb, therefore,
results in comparable driving forces for  -Li2Sb and  -Li3Sb at all but the smallest
overpotentials while the extraction of Li from  -Li3Sb very quickly produces much
larger driving forces for the nucleation of ↵-Sb than for  -Li2Sb.
The thermodynamic and kinetic properties calculated in this work suggest that
much higher overpotentials are accessible in  -Li3Sb than in ↵-Sb. Li is remarkably
mobile in  -Li3Sb, with migration barriers predicted between 0.1 to 0.13 eV. These mi-
gration barriers are lower even than those encountered in intercalation compounds.[80,
83, 10, 11] Furthermore, the calculated free energy of o↵-stoichiometric  -Li3Sb indi-
cates that this phase can very easily tolerate a high concentration of vacancies. The
metastable part of the calculated voltage profile of  -Li3Sb (Fig. 3.7) shows that
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overpotentials of ⇠ 0.2 are easily achievable through the introduction of Li vacan-
cies. Li can therefore be extracted very rapidly from  -Li3Sb and in large numbers,
resulting in high overpotentials. The predicted Li mobility at dilute concentrations
within the A7 crystal structure of Sb, in contrast, is very low, with migration barriers
around 0.7 eV and above. Reaching large underpotentials due to the insertion of Li
in excess of the solubility limit of ↵-Sb (with respect to  -Li2Sb formation) will not
occur rapidly as a result of sluggish Li mobility.
As with path hysteresis in CuTi2S4, a model displacement reaction analyzed us-
ing a first-principles multi-scale approach[90], path hysteresis in the Li-Sb alloying
reaction arises from a very high Li di↵usion coe cient in the fully lithiated phase.
The kinetic ease of extracting Li from the fully lithiated phase renders a metastable
path kinetically more accessible than the true equilibrium path. The lever e↵ect on
the nucleation driving forces then likely leads to the nucleation of ↵-Sb rather than
the thermodynamically more stable intermediate  -Li2Sb phase. In the Li-Sb system,
path hysteresis upon charge (i.e. Li extraction) should be avoidable if Li extraction
occurs su ciently slowly in a voltage window where a driving force to nucleate  -Li2Sb
exists but where a similar driving force to nucleate ↵-Sb is not present. Nevertheless,
path hysteresis may be di cult to suppress using realistic charge rates, since  -Li2Sb
is thermodynamically stable in only a very small voltage window and the Li mobility
in Li3Sb is exceptionally high.
3.5 Conclusion
The aim of this work was to identify the origins of phase transformation hysteresis
during the electrochemical cycling of Sb electrodes in Li-ion batteries. The phases
that form during the electrochemical reaction of Li with Sb electrodes (↵-Sb,  -Li2Sb
and  -Li3Sb) are crystallographically very similar. While  -Li2Sb and  -Li3Sb are
line compounds in the Li-Sb phase diagram, our first-principles statistical mechanical
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analysis suggests that they can tolerate high concentrations of Li vacancies without
incurring a large free energy penalty. Calculations of Li migration barriers predict that
Li has a very low mobility in ↵-Sb, having to overcome migration barriers of the order
of 0.7 eV. Li is, however, predicted to be remarkably mobile in  -Li3Sb and  -Li2Sb
with migration barriers between 0.15 and 0.25 eV. Mobility is seen experimentally for
non-stoichiometric  -Li3Sb. An analysis of nucleation driving forces reveals a large
lever e↵ect upon Li removal from  -Li3Sb, with the nucleation driving force for ↵-
Sb exceeding that for  -Li2Sb already at small overpotentials. This, together with
a very high Li mobility in  -Li3Sb, which facilitates large overpotentials, provides
an explanation for the phase transformation hysteresis observed when cycling Sb
electrodes. Non-stoichiometry of the alloy phases coupled with rapid Li transport
can play a critical role in controlling the structural pathways taken by electrode
materials on charge.
The triggers of phase transformation hysteresis identified here for the Li-Sb alloy-
ing reaction are likely also prevalent in intercalation compounds and other alloying
reactions that su↵er from path hysteresis. While high cation mobilities are usually
desirable, especially when the equilibrium path passes through a solid solution, it
may lead to path hysteresis when phase transformations must also occur that are
kinetically more sluggish than metastable Li insertion/extraction through di↵usion.
The overpotentials that arise when the electrode passes through a metastable solid
solution can then lead to thermodynamic driving forces to transform to phases having
a larger change in Li concentration than intermediate phases along the equilibrium
path. This will be more likely in systems where intermediate phases are only stable
in a narrow voltage window, as is the case for Li2Sb in the Li-Sb system. These
principles suggest that the suppression of path hysteresis requires a balance among
all competing kinetic processes during Li insertion and removal, especially between
the rates of Li di↵usion and phase transformations.
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CHAPTER IV
Elucidate the intrinsic properties of Li-Cu2Sb
electrode that facilitate reversibility and minimize
hysteresis
4.1 Introduction
Displacement and conversion reactions are another possible alternative reaction
mechanisms to achieve a high capacity in which the insertion of the shuttled ion is
coupled with the displacement or extrusion of a transition metal from the electro-
chemically active compound. As discussed in Section I, in contrast to intercalation
materials, displacement and conversion reactions are able to react with many elec-
trons per transitional metal. They utilize the full charge state Mx+ of the metal ion
within the electrode material reducing it to the M0 charge state as the metal pre-
cipitates out upon discharge.[66, 74] This can result in very high capacities. Indeed,
materials that undergo conversion and displacement reactions, such MFx ( M = Fe or
Cu)[86, 5], MxOy (M= Ru, Co, Ni, Cu, or Fe)[66, 31], MgH2[55], and Cu2.33V4O11[50]
have a much higher capacity compared to the best intercalation compounds currently
commercialized. For example, the theoretical capacity of FeF2, which is a positive
conversion electrode material, and RuO2, which is an negative conversion electrode
material, are 571mAhg 1and 1130mAhg 1respectively,[86, 7] while, the theoretical
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capacity of graphite, which is a negative commercialized-insertion-material, is 372
mAhg 1. [17, 75, 53, 44, 72, 73]
The kinetics of displacement and conversion reactions is substantially more com-
plex than intercalation processes and remains poorly understood. While exhibiting
very high capacities, compounds that undergo displacement and conversion reactions
su↵er from a variety of limitations that need to be overcome. These include a poor
reversibility and large capacity losses during charge and discharge. As a consequence,
almost all electrode compounds that rely on a displacement or conversion reaction
exhibit an unacceptably large hysteresis in the voltage profile between charge and
discharge.
One exception to this trend is Cu2Sb, a candidate anode material that undergoes
a displacement reaction with Li, but exhibits only a limited degree of hysteresis in the
voltage profile between charge and discharge. The electrochemical reaction of Cu2Sb
with Li results in a sequence of intermediate compounds with varying concentrations
of Li and Cu, but with strong structural similarities to the original compound.[24]
Although Li insertion causes large variations in lattice parameters, it does not pro-
duce compounds that have a di↵erent Sb back bone. Sb within Cu2Sb forms a face
centered cubic (fcc) sublattice, which is preserved as lithium enters the compound
and simultaneously displaces Cu. In this sense, the reaction of Li with Cu2Sb can
be viewed as a displacement reaction, although the large variations in volume may
result in kinetic processes that are similar to conversion reactions where the original
compound is completely replaced with new compounds in a reconstructive manner.
Here we perform a comprehensive first-principles study of the thermodynamic
properties associated with the Cu2Sb+Li displacement reaction as well as a variety of
kinetic properties related to Li and Cu di↵usion. Our aim is to elucidate the intrinsic
properties of the various reaction compounds that facilitate reversibility and minimize
hysteresis between discharge and charge. A previous theoretical study of a model
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displacement reaction that relied on first-principles thermodynamic and kinetic data
and a phase field model to describe kinetics at the electrode particle level identified
particular thermodynamic and kinetic properties intrinsic to the electrode chemistry
and crystal structure that are responsible for the large hysteresis in displacement and
conversion reactions. The study demonstrated that a primary source of hysteresis
in these compounds arises from a di↵erence in reaction path between charge and
discharge. Phase field simulation of the displacement reaction identified the triggers
that lead to the selection of a di↵erent reaction path between charge and discharge.
These included (i) a large di↵erence in the di↵usion coe cients between Li and the
displaced ion and (ii) a lack of a thermodynamic driving force for the reinsertion of
the displaced ion upon removal of Li during charge along the discharge reaction path.
Our focus here is to ascertain whether these conditions are satisfied in the reaction
products of Cu2Sb+Li.
4.2 Method
First principles energy were calculated within the generalized gradient approxi-
mation (GGA) to DFT as parameterized by Perdew-Burke-Ernzerhof (PBE).[62] We
used the Vienna Ab initio simulation package (VASP) plane wave pseudo-potential
code [38, 39] with the projector augmented wave method (PAW) to describe the inter-
actions between valence and core electrons [40, 12]. The valence states of the various
PAW pseudopotentials were: Li 1s, 2s, and 2p, Cu 3d10 and 4p1 and Sb 5s2 and 5p3.
The plane-wave basis set cuto↵ energy was set to 400 eV, and a gamma point-centered
k-point mesh with a density consistent with a 12x12x12 k-point mesh density in the
primitive fcc cell reciprocal lattice was used for each structure. Ionic positions and
lattice parameters of each structure were fully relaxed.
To study o↵ stoichiometry at room temperature, we also construct the cluster
expansions and perform Monte Carlo simulations. More details were discussed in
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Section 2.2.2.
In addition to considering configurational degrees of freedom, we also studied
the role of vibrational excitations on phase stability along the Cu-Sb binary to re-
solve apparent inconsistencies between zero Klevin DFT predictions and experimental
observations. Vibrational free energies were calculated within the quasi-harmonic ap-
proximation, whereby the Helmholtz free energy due to harmonic phonon excitations,
F (V, T ), was calculated at several increments of volume ranging from  5 % to +5 %
of the zero Kelvin PBE predicted equilibrium volume. The minimum of F (V, T ) with
respect to volume at each temperature T corresponds to the Gibbs free energy at
zero pressure. Force constants were fit to forces calculated with PBE (using VASP)
in large supercells in which di↵erent ions were perturbed relative to their equilibrium
positions. Individual displacements were chosen based on high-symmetry directions
within each supercells. Supercells containing 32, 32, and 18 primitive cells of Cu,
Sb(A7), and Cu2Sb, respectively were used to extract force constants. Resulting
forces were incorporated into a least squares fit with the original atomic displace-
ments to obtain force constants. Dynamical matrices were subsequently constructed
using these force constants. The phonon density of states, composed of sampling the
phonon frequencies in the Brillouin zone, was used to obtain FH(T, V ) for each of
the three phases.
4.3 Results
4.3.1 Thermodynamic Properties
The shape of the free energy surface as a function of concentration plays an im-
portant role in determining whether path hysteresis will be triggered during a dis-
placement or conversion reaction [90]. We investigated the thermodynamic properties
of the various phases that form during the lithiation of Cu2Sb, first at zero Kelvin
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Figure 4.1: Crystal structures of (a) Cu2Sb (P4/nmm)[61] (b) Li2CuSb (F4¯3m)[71]
and (c) Li3Sb (Fm3¯m)[68, 15]
using DFT-PBE as implemented in VASP and subsequently at finite temperature by
applying Monte Carlo simulations to a ternary cluster expansion parameterized with
the DFT-PBE energies.
The Li-Cu-Sb ternary contains several stable compounds. Cu2Sb has an fcc Sb
sublattice and belongs to space group P/4nmm (No.129) [61]. Its crystal structure is
shown in Figure 4.1a. One Cu per Cu2Sb formula unit fills the octahedral interstitial
sites while the other Cu orders over half of the tetrahedral interstitial sites of the
fcc Sb sublattice. The Cu occupying tetrahedral sites segregate between alternating
(001) planes of the fcc Sb sublattice, thereby giving the crystal a tetragonal symmetry.
Electrochemical lithiation of Cu2Sb results in the extrusion of Cu coupled with the
formation of a ternary compound, having nominal stoichiometry Li2CuSb with space
group F4¯3m (No.216). The composition of Li2CuSb is not well established, with
evidence of an o↵-stoichiometric solid solution [71, 24, 47]. Li2CuSb also has an fcc
sublattice. The Cu orders over half the tetrahedral sites, however, the Cu ordering
di↵ers from that in Cu2Sb, forming a zinc-blende ordering when considering only
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the Cu and Sb sublattices. The Li ions of Li2CuSb fill all the octahedral sites and
remaining tetrahedral sites. Experimental and first-principles evidence suggests that
Li2CuSb has a tendency to tolerate Li vacancies over the Li-tetrahedral sites [71, 24,
47]. Further lithiation leads to additional Cu extrusion and the formation of Li3Sb,
which again has an fcc Sb sublattice with Li ions filling all interstitial tetrahedral and
octahedral sites. The compound belongs to the Fm3¯m (No.225) space group [68, 15]
and is shown in Figure 4.1c. In addition to Cu2Sb, Li2CuSb and Li3Sb, a hexagonal
Li2Sb is also stable in the Li-Cu-Sb ternary. Li2Sb, however, does not form during
lithiation of Cu2Sb or during subsequent Li removal from the Li3Sb+Cu two-phase
mixture. Li2Sb is the only compound that does not have an fcc Sb sublattice. Instead
the Sb sublattice is isomorphic to the omega phase of Zr [30, 76].
4.3.1.1 Zero Kelvin properties
In view of the uncertainty about the composition range in which the Li2CuSb phase
and the fact that all phases that form during lithiation of Cu2Sb share a common
fcc Sb sublattice, we enumerated 686 symmetrically distinct orderings of Li, Cu and
vacancies over the tetrahedral and octahedral sites of fcc Sb. We calculated the total
energies of theses configurations with DFT-PBE as implemented in VASP.
Figure 4.2 shows a zero Kelvin phase diagram in ternary composition space ob-
tained by applying the common tangent construction to the formation energies, de-
fined as
 e(x, y) = e(x, y)  x · eLi   y · eCu   (1  x  y) · eSb (4.1)
where x and y are the atomic fractions of Li and Cu respectively. The total energy
e(x, y) of a configuration was calculated with DFT-PBE and is normalized by the
total number of atoms. The reference energies for the elemental components, eLi, eCu
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and eSb, were calculated in their room temperature stable crystal structures, which
are bcc for Li, fcc for Cu and A7 for Sb. These energies are also normalized per atom.
Li2Sb
Li3Sb
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0.2 0.4 0.6 0.8
0.2
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0.6
0.8
Li
Cu Sb
LiCu1.25Sb
Li1.66CuSb
Li1.5CuSb
Figure 4.2: A projection of the convexhull in ternary composition space obtained
by DFT calculations. The formation energies of di↵erent configurations
calculated per atom using pure Li(bcc), Cu(fcc), and Sb(A7) as reference.
Each point in the phase diagram corresponds to the concentration of a stable
ordered phase at 0 K. The lines connecting two points denote two-phase regions,
while the triangles correspond to three-phase regions. Three ternary ordered phases
are found to be stable: LiCu1.25Sb, Li1.5CuSb and Li1.66CuSb. All three compounds
have Li occupying the octahedral sites and Cu filling half the tetrahedral sites ordered
to form an fcc sublattice. The remaining tetrahedral sites are either filled by Cu and
vacancies as in LiCu1.25Sb, or by Li and vacancies as in Li1.5CuSb and Li1.66CuSb as
can be seen in Figure 4.3. Many other orderings that are almost stable have similar
Li, Cu and vacancy arrangements over the octahedral and tetrahedral sites. While
there is a strong site preference for Li filling all the octahedral sites and for Cu filling
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half of the tetrahedral sites, the resulting LiCuSb stoichiometry is not predicted to
be a ground state. Additional Cu and(or) Li must be inserted to the remaining
tetrahedral sites to form stable compounds. The strong site preference of Li and Cu
atoms within LiCuSb was also predicted by Matsuno et al[46].
Several phases are predicted to be stable along the Li-Sb binary. These include the
cubic Li3Sb phase and the hexagonal Li2Sb phase. We also found that the introduction
of dilute vacancies to cubic Li3Sb in large unit cells at compositions Li2.96Sb and
Li2.98Sb leads to stable phases that reside on the convexhull. In contrast to the
LixCuySb compounds, Li removal from Li3Sb to form Li2.96Sb and Li2.98Sb occurs
most easily by placing Li vacancies on the octahedral sites.
LiCu1.25Sb Li1.5CuSb Li1.66CuSb
Li2Sb (HEX) Li2.96Sb and Li2.98Sb Li3Sb 
SbLi Cu VaCu in tetvaLi in tetva
Figure 4.3: The crystal structures predicted as stable phases from the DFT calcula-
tion. All ground states structures except Li2Sb have the fcc Sb sublattice.
Li2Sb has hexagonal symmetry.
49
Surprisingly, the Cu2Sb compound is not predicted to be a ground state relative
to Cu (fcc) and Sb (A7) using DFT-PBE, having a positive formation energy of
8.5 meV per atom. We recalculated the formation energy of Cu2Sb relative to Cu
(fcc) and Sb (A7) using a variety of di↵erent approximations to DFT (PW91, LDA),
di↵erent pseudopotentials, with and without spin polarization and using di↵erent U
parameters within DFT+U approximations. In all cases, Cu2Sb was predicted to
have a positive formation energy.
The failure of approximations to DFT to predict Cu2Sb as a stable phase in the
Cu-Sb binary implies one of two possibilities: (i) DFT within the approximations
considered here fails to accurately describe bonding in the Cu2Sb compound, or (ii)
Cu2Sb is only stable at elevated temperature due to vibrational entropy. There is evi-
dence that DFT-PBE incorrectly describes formation energies in other Cu containing
alloys due to an incorrect prediction of the Cu d-orbital energy levels. A recent study
by Zhang et al[92], for example, showed that DFT-PBE predicts incorrect zero Kelvin
ground states in the Cu-Au alloy. They showed that the correct ground states are
recovered with the use of a screened form of Hartree Fock as implemented in the
HSE06 hybrid functional approach[41]. Applying the same HSE06 hybrid functional
approach[41] to the Cu-Sb binary, we find that Cu2Sb is predicted to be a stable
compound having a formation energy of -47.1 meV/atom. We also explored the pos-
sibility that DFT-PBE correctly predicts formation energies in the Cu-Sb binary,
but that vibrational entropy stablizes the Cu2Sb compound at elevated temperature.
Vibrational free energies for fcc Cu, A7 Sb and Cu2Sb were calculated within the
quasi-harmonic approximation by fitting force constants to DFT-PBE calculations
of forces when atoms are displaced relative to their equilibrium positions (see meth-
ods section for details). The calculated formation free energy of Cu2Sb defined as
 GCu2Sb = GCu2Sb   2GCu   GSb based on DFT-PBE is shown in Fig4.4. Clearly,
vibrational entropy stabilizes Cu2Sb relative to decomposition into Cu (fcc) and Sb
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(A7) with increasing temperature, becoming thermodynamically stable at 190 K. At
room temperature, Cu2Sb is predicted to have a negative formation free energy of
-13.4 meV per atom.
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Figure 4.4: Gibbs formation free energy of Cu2Sb as calculated with the quasi-
harmonic approximation. The temperature at which Cu2Sb becomes sta-
bilized relative to Cu and Sb(A7) is at 190 K.
4.3.1.2 Room temperature thermodynamic properties
The DFT-PBE formation energies of the symmetrically distinct configurations
over the fcc Sb sublattice were used to parameterize the expansion coe cients of a
ternary cluster expansion Hamiltonian. We only used the configurations that main-
tained an fcc Sb sublattice after relaxation. Furthermore, we primarily used configu-
rations having formation energies within 500 meV from the convex hull. Our optimal
cluster expansion includes four point terms ( two for tetrahedral sites and two for
octahedral sites), 12 pair clusters, 32 triplet cluster, and 15 quadruplet clusters. The
root-mean-square error (RMS), which is an indicator of the quality of the fit, is 12.87
meV per interstitial site, while the cross-validation score (CV), which is a measure of
the ability of the cluster expansion to predict energies that are not included in the
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fit, is 16.18 meV per interstitial site. Unlike DFT calculation, an extra configuration,
Li1.33CuSb is predicted as a stable structure. However, the formation energy di↵erence
between DFT calculation and cluster expansion was 3 meV. This is within the fitting
error of the cluster expansion and close to the numerical accuracy of DFT-PBE with
respect to k-point sampling. When we count on errors from the fitting, this cluster
expansion qualitatively well predicted ground states with DFT-PBE calculation.
Grand canonical Monte Carlo simulations were applied to the cluster expansion
to calculate the dependence of the grand canonical energy as well as the Li and Cu
concentrations on temperature and Li and Cu chemical potentials µCu and µLi. Free
energies were calculated with free energy integration techniques [77, 88]. As reference
states for free energy integration, we used stoichiometric Li3Sb for the Li-rich, Cu-
poor region and ternary ground state ordered configurations at low temperature to
calculate free energies in the ternary composition space. Low temperature free ener-
gies in the reference states were calculated with low-temperature expansions [77, 36].
Figure 4.5a shows the calculated ternary phase diagram at 300 K. The phase di-
agram was determined by applying the common tangent construction to calculated
free energies. The free energies for the Li-containing phases were those calculated
with the grand canonical Monte Carlo simulations. For Cu2Sb, we used the vibra-
tional formation free energy to ensure that it appears as a stable phase. We did not
include vibrational free energy contributions for any of the Li-containing phases. The
implicit assumption when neglecting vibrational excitations is that their inclusion
will not qualitatively change the topology of the phase diagram away from the Cu-Sb
binary. The calculated phase diagram shows a stable ternary solid solution, having
composition LixCuySb with x ranging between 1.3 and 1.6 and with y ranging be-
tween 1 and 1.02. The octahedral sites of the fcc Sb sublattice in the solid solution are
exclusively filled by Li, while the Cu fill half the tetrahedral sites forming an fcc sub-
lattice. The remaining tetrahedral sites contain disordered Li and vacancies, with a
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very dilute concentration of Cu at the more Cu rich concentrations. These sublattice
concentrations, predicted with a ternary cluster expansion describing disorder over
all interstitial sties, are qualitatively consistent with a study by Matsuno [47] who
used a binary cluster expansion describing Li-vacancy disorder over the tetrahedral
sites occupied by Li and the octahedral sites. The Monte Carlo simulations applied
to the ternary cluster expansion suggest that there is very little Cu disorder and a
minimal concentration of Cu over the tetrahedral sites occupied primarily by Li and
vacancies.
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Figure 4.5: (a) A projection of the convexhull in ternary composition space obtained
by the grand canonical Monte Carlo calculation at 300 K. (b) Phase sta-
bility as a function of the of Li and Cu chemical potentials, µLi and µCu
at 300K
Phase stability can also be plotted as a function of the Li and Cu chemical po-
tentials, µLi and µCu, as shown in Figure 4.5b. This phase diagram was calculated
by minimizing the grand canonical free energies of each phase at fixed chemical po-
tentials µLi and µCu. The reference states for the Li and Cu chemical potentials in
Figure 4.5b are bcc Li and fcc Cu respectively. Hence, pure Cu is stable for positive
Cu chemical potentials, independent of the Li concentration, while pure Li is stable
for positive Li chemical potentials. Pure Sb is stable for very negative Li and Cu
chemical potentials. The lithium rich Li2Sb and Li3Sb phases become stable at in-
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creasing µLi and su ciently negative µCu. The solid solution Li1+"Cu1+ Sb phase is
stable over a sizable Li and Cu chemical potential range.
The voltage of an electrochemical cell is related to the Li chemical potentials of
the cathode and anode according to
V =  (µLi   µ0Li)/e (4.2)
where, µLi is the Li chemical potential in the positive electrode and µ0Li is the Li
chemical potential of the reference anode, which we choose to be metallic Li. Fig-
ure 4.6 shows the calculated voltage as a function of Li content x in LixCuySb along a
path in ternary composition space denoted by the dashed arrow in Figure 4.5a. Since
the electrode passes through three-phase and two-phase regions containing pure Cu
along this path, the Cu chemical potential in LixCuySb is equal to that of fcc Cu,
which due to our choice of reference state is equal to zero (i.e. µCu=0). The first
plateau in the voltage profile (0 < x < 1.3) corresponds to a passage through the Cu
+ Cu2Sb + Li1+"Cu1+ Sb three phase region where the Li chemical potential remains
constant as the relative phase fractions of the three coexisting phases changes upon
Li insertion or removal. The three phase region is a point in the chemical potential
phase diagram (point a in Figure 4.5b). The voltage profile between 1.3 < x < 1.6
decreases continuously since the electrode then passes through the two-phase region
between a solid solution of Li1+"Cu1+ Sb and Cu. The second plateau emerges as
the electrode passes through the three phase region between Li1+"Cu1+ Sb + Li3Sb
+ Cu. This three phase region corresponds to point b in the chemical potential phase
diagram Figure 4.5b. Also shown in Figure 4.6 (dashed red line) is the voltage when
Li reacts with Sb in the absence of Cu. This voltage profile exhibits two plateaus
separated by a small step due to the stability of the hexagonal Li2Sb phase.
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Figure 4.6: The calculated voltage is obtained from MC calculation using the Nernst
equation. Because pure Cu is extruded by insertion of Li, chemical poten-
tial of Cu is fixed as 0 while lithiation precess. Thus voltage is obtained
by finding equilibrium concentrations of Li and Cu at µCu= 0. (The
calculated equilibrium voltage curve in Li-Sb system as a function of Li
concentration is shown in red dot line)
4.3.2 Kinetic Properties
An important trigger of path hysteresis in conversion and displacement reactions
was found to be a large di↵erence in the di↵usion coe cients of Li compared to that of
the displaced cation in the fully lithiated phase [90]. To elucidate why the hysteresis
in the displacement reaction of Cu2Sb with Li is small compared to other chemistries,
we investigated the migration barriers for Li and Cu di↵usion in Li3Sb, the fully
lithiated end product of the displacement reaction.
Past first principle studies of the Li-Sb alloying reaction have predicted a very high
Li mobility in Li3Sb. Dilute vacancies in Li3Sb prefer to occupy the octahedral sites.
The migration barrier for a Li hop from a tetrahedral site into a vacant octahedral
site in Li3Sb is predicted to be ⇠ 0.1 eV, a barrier that is substantially lower than
in most intercalation compounds. The Li mobility in Li3Sb is therefore very high.
Here we also calculated the migration barrier for a Li hop from a tetrahedral site to
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an octahedral site with a neighboring Cu in an adjacent tetrahedral site. Figure 4.7a
shows the migration barrier of this Li hop, with the calculated migration barrier of 80
meV in the presence of a neighboring Cu being even lower than that in the absence of
Cu. Also evident in Figure 4.7a is the tendency of Cu to change the site preference for
the vacancy, with the vacancy now preferring the tetrahedral site over the octahedral
site by 25 meV. This site preference for the vacancy is similar to that exhibited by
the ternary Li1+"Cu1+ Sb solid solution.
We also considered all possible migration paths of Cu in Li3Sb. We found that
an isolated Cu in Li3Sb is unstable in an octahedral site next to a vacant nearest
neighbor tetrahedral site. The energy of the crystal increases monotonically as Cu
migrates from a tetrahedral site to an adjacent vacant octahedral site. Cu hops from
a tetrahedral site to a nearest neighbor vacant octahedral site therefore cannot occur.
As a result, Cu migration in the presence of an isolated vacancy is only possible
between nearest neighbor tetrahedral sites as shown in Figure 4.7b. The migration
barrier for this hop is predicted to be 1.2 eV, a value that is substantially higher than
that of Li in Li3Sb and of Li in other common intercalation compounds. This hop
mechanism is therefore unlikely to contribute much to macroscopic Cu di↵usion.
Li3Sb is likely to have a high concentration of vacancies upon Li removal from
the electrode during charging due to its exceptionally high Li mobility and ther-
modynamic stability (both energetic and entropically driven) of a Li-deficient solid
solution of Li3 zSb. We therefore also explored Cu migration mechanisms and barri-
ers in the presence of a pair of vacancies. Figure 4.7c shows the calculated migration
barrier as Cu migrates from a tetrahedral site to an adjacent vacant tetrahedral site
in the presence of a neighboring vacant octahedral site. The hop path is curved,
passing through the octahedral site as illustrated in Figure 4.7c. The migration bar-
rier for this hop is 440 meV, which, while higher than that of Li di↵usion in Li3Sb,
is of the same order as Li migration barriers in common intercalation compounds
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Figure 4.7: Migration barriers for Li hops and Cu hops in Li3Sb. (a) Li hops from a
tetrahedral site to adjacent vacant octahedral site next to a Cu tetrahedral
site. (b) Cu hops from a tetrahedral site to adjacent vacant tetrahedral
site ( an isolated vacancy ) (c) Cu hops from a tetrahedral site to adjacent
vacant tetrahedral site through a vacant octahedral site (Cu hops into a
divacancy).
57
[79, 11, 10]. This result suggests that vacancy clusters mediate Cu di↵usion in Li3Sb,
in a similar way that vacancy clusters mediate Li di↵usion in lithiated layered and
spinel intercalation compounds [78]. The very fast Li mobility should ensure that
the reorganization of vacancy clusters after each Cu hop is not rate limiting to Cu
di↵usion. The low-barrier divacancy Cu hop mechanism in a “sea” of very mobile Li
ions, implies that Cu should have a high di↵usion coe cient, similar to that of Li in
the fully lithiated intercalation compounds.
4.4 Discussion
Conversion and displacement reactions in the electrodes of Li-ion batteries promise
substantially higher capacities than can be achieved with intercalation compounds.
However, the kinetic complexity of these reaction mechanisms, arising from the re-
quirement to spatially redistribute a second species in addition to Li ions, often results
in an unacceptably high hysteresis between charge and discharge. This hysteresis is
due to a di↵erence in the reaction path between charge and discharge [21, 33, 90].
While the number of reaction paths during a displacement reaction upon Li insertion
are quite limited as the second mobile species must be displaced to provide sites for
the incoming Li, a large multitude of reaction paths are available during charge. In
the extremes, Li removal from the discharge product can either (i) be accompanied
by the simultaneous reinsertion of the second cationic species such that the electrode
retraces the original discharge path or (ii) occur without any reinsertion of the dis-
placed cation. Any other path between the two extremes in which a fraction of the
displaced cations reenters the crystal is also possible. In the second extreme, the path
followed during Li removal di↵ers substantially from that followed during Li insertion
and the voltage will exhibit a large hysteresis between charge and discharge.
Compared to other electrode chemistries that undergo a displacement or conver-
sion reaction, Cu2Sb is unusual in that it exhibits a negligible hysteresis. While
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the first voltage plateau due to the conversion of Cu2Sb to a two-phase mixture of
the ternary Li1+"Cu1+ Sb phase and metallic Cu during Li insertion is not reversible
upon Li extraction, the subsequent reactions are. The reaction path followed dur-
ing the second voltage plateau in which Li1+"Cu1+ Sb reacts further with Li to form
Li3Sb and metallic Cu is readily retraced experimentally upon Li extraction to re-
form Li1+"Cu1+ Sb. Hence any di↵erence between the discharge voltage and the
charge voltage is due to dissipative polarization and not to a di↵erence in reaction
pathways.
A theoretical study of hysteresis accompanying the displacement reaction of Li
with CuTi2S4 identified two triggers in the fully discharged state that cause path
hysteresis [90]: (i) a large di↵erence in mobility between Li and the displaced cationic
species (i.e. Cu), with the displaced cation being substantially less mobile than Li
and (ii) a lack of a thermodynamic driving force for the reinsertion of the displaced
cation upon retracing the discharge path during charge. The results of this study
suggest that the absence of path hysteresis in the Li-Cu-Sb ternary must be due to
unique thermodynamic and kinetic properties of Li3Sb, the phase that forms after
complete discharge.
Li removal from the fully discharged electrode, consisting of a two-phase mixture
of Li3Sb and Cu, must be accompanied by the simultaneous reinsertion of Cu into
Li3Sb to reform Li1+"Cu1+ Sb. Otherwise Li extraction will lead to the formation of
either Li2Sb or, as occurs during the Li-Sb alloying reactions, the formation of pure
Sb. As can be seen in Figure 4.6, the equilibrium voltage profiles for the two reaction
paths di↵er significiantly.
When Li3Sb coexists with metallic Cu in the fully discharged state, it contains
a very dilute concentration of dissolved Cu. In this two-phase equilibrium, the Cu
chemical potential within Li3Sb will be equal to that of metallic Cu, µoCu, which is
equal to zero when using metallic Cu as the reference for the chemical potential. In
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the phase diagram of Figure 4.5b the two-phase coexistence between Li3Sb and Cu
will reside along the line between points b and c, depending on the externally imposed
voltage (which determines the Li chemical potential). In order for Cu to reinsert into
Li3Sb such that it can transform to Li1+"Cu1+ Sb, the Cu chemical potential within
Li3Sb must be negative. Otherwise there is no thermodynamic driving force for Cu
to leave the metal precipitates and dissolve in Li3Sb. A su cient amount of Cu must
dissolve in Li3Sb in order to supersaturate the phase with Cu such that there is a
nucleation driving force to form Li1+"Cu1+ Sb.
It is useful to visualize the trajectory in chemical potential space for a particular
path in concentration space, which can be determined using the calculated free en-
ergy of LixCuySb1 x y around the Li3Sb stoichiometry. Figure 4.8 compares several
trajectories in chemical potential space relative to the equilibrium phase diagram. As
is clear from path I in Figure 4.8, Li extraction without Cu insertion will generate a
negative Cu chemical potential. Hence the electrochemical removal of Li driven by an
increase in the voltage (and thereby decreasing the Li chemical potential), will set up
chemical driving forces for Cu in the metallic phase to enter Li3Sb. The trajectory of
path I in Figure 4.8 never intersects the stability domain of the Li1+"Cu1+ Sb solid
solution however. Hence, to avoid transforming directly to Li2Sb or pure Sb, Cu in-
sertion and di↵usion must be su ciently rapid compared to the rate of Li extraction
to deflect the trajectory in chemical potential space along a path such as path II,
which does pass through the Li1+"Cu1+ Sb domain. As can be seen in Figure 4.8,
path II corresponds to a scenario where Li removal is accompanied by simultaneous
insertion of Cu.
While the migration barrier for Cu di↵usion in Li3Sb in the presence of vacancies
is higher than that of Li, it is nevertheless not much higher than typical barriers pre-
dicted for high rate capable intercalation compounds such as layered LixCoO2, spinel
LixTiO2, and LixTiS2 [79, 11, 10]. Intercalation compounds having similar migration
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Figure 4.8: Schematic illustration of several charge reaction trajectories in chemical
potential space for a particular path in concentration space.
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barriers as predicted with DFT and where di↵usion is mediated by divacancies rarely
require large overpotentials. Typical intercalation compounds rarely require more
than 0.1 to 0.2 eV over potentials to achieve a reasonable charge or discharge rate.
This suggests that driving forces of -0.1 to -0.2 eV may be su cient to reinsert Cu on
the time scale of typical charge rates as involves similar insertion processes involving
Cu di↵usion in Li3Sb, mediated by divacancy di↵usion with migration barriers of the
order of 450 meV.
While the predicted ternary Li-Cu-Sb phase diagram qualitatively agrees with
experiment, the failure of DFT-PBE to predict Cu2Sb as a ground state along the
Cu-Sb binary as well as similar documented failures in other Cu containing alloys
suggest that the qualitative predictions of formation energies may not be very accu-
rate. Since the contributions of vibrational excitations to the free energy do lead to a
stabilization of Cu2Sb relative to a two-phase mixture of Sb and Cu, it is not evident
whether Hartree-Fock corrections to DFT, which do predict a negative formation en-
ergy for Cu2Sb, are needed to explain the room temperature stability of this phase.
If, however, Hartree-Fock corrections to DFT as implemented in HSE06 are crucial to
more quantitatively predict formation energies of the Cu containing compounds, our
HSE06 results for Cu2Sb, predicting a negative formation energy of -43 meV/atom,
suggests that the PBE formation energies of the Li1+"Cu1+ Sb ternary compounds
are likely under predicted. While this may not alter the qualitative phase diagrams, a
lowering of the ternary formation energies will widen the chemical potential interval
in which the Li1+"Cu1+ Sb phases are stable, increasing the amount of polarization
in Cu chemical potential that can be tolerated to maintain a reversible reaction to
Li1+"Cu1+ Sb during charging of the Li3Sb + Cu two phase mixture.
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4.5 Conclusion
We investigated the thermodynamic properties of the various compounds that
form during the lithiation of Cu2Sb. We identified the existence of a stable ternary
solid solution Li1+"Cu1+ Sb with the strong site preference of Li filling all the octa-
hedral sites and Cu filling half of the tetrahedral sites in the fcc Sb sublattice. In
addition, our first-principles study of kinetic properties predicted that Cu has a high
mobility in Li3Sb through a vacancy cluster hop mechanism and the very fast Li mo-
bility in Li3Sb ensures that the vacancy clusters can reorganize after each Cu hop.
Therefore, high mobility of Cu in Li3Sb and the existence of a strong stable solid
solution Li1+"Cu1+ Sb ensure the formation of Li1+"Cu1+ Sb upon Cu reinsertion in
Li3Sb. These kinetic and thermodynamic properties together are responsible for good
reversibility and a minimal hysteresis in this system.
63
CHAPTER V
Strain induced phase transformation upon Li
insertion in TiO2(B) and Li insertion mechanism of
Ca:TiO2(B)
In situ high-resolution transmission electron microscopy (HRTEM) performed
by Sungjoo Kim, revealed the occurrence of a strain-induced phase transformation
upon Li ion insertion into TiO2(B). This experimental observation motivated a first-
principles investigation of phase stability of TiO2 polymorphs as a function of Li
concentration. We predict the existence of a thermodynamic driving force and a crys-
tallographic pathway for a phase transformation of TiO2(B) upon Li insertion to the
anatase form of Li0.5TiO2. We also investigate intrinsic thermodynamic and kinetic
properties associated with Li insertion into Ca:TiO2(B), a new variant of TiO2(B)
with extra Ca-modified layers to the original TiO2(B).[91] We identified possible Li
insertion sites in this new structure and calculated possible Li migration paths using
first principles calculation.
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5.1 Strain induced phase transformation upon Li insertion
in TiO2(B)
5.1.1 Phase stability of LixTiO2 polymorphs upon lithiation
We performed a first-principles investigation of phase stability among the bronze
B, anatase and spinel forms of LixTiO2 as a function of Li concentration. These poly-
morphs are candidate anode materials due to their low voltage and their structural
stability as a function of Li-ion concentration. We calculated the formation free ener-
gies of lithiated TiO2 polymorphs (LixTiO2) by parameterizing first-principles cluster
expansions of the configurational energy associated with Li-vacancy disorder within
each polymorph and subjecting the cluster expansions to Monte Carlo simulations.
Figure 5.1 shows the calculated formation free energies, which are defined as:
 F (x) = F (x)  xET iO2   (1  x)ELiT iO2 (5.1)
where F(x) is the free energy at concentration x in LixTiO2 for a particular host
structure. All free energies shown in Figure 5.1 are calculated by integrating the
Li chemical potential as a function of Li concentration obtained from Monte Carlo
calculation at 300K. ET iO2 and ELiT iO2 are the energy of the anatase TiO2 and fully
lithiated anatase LiTiO2, respectively. As shown in Figure 5.1, in the absence of
lithium, both anatase and bronze polymorphs are substantially more stable than the
spinel structure. However, upon Li insertion, anatase and spinel LixTiO2 become more
stable relative to bronze B. At x=0.5 in LixTiO2, an ordered spinel phase LiTi2O4
becomes the most stable structure. This agrees well with previous experimental
studies on formation of spinel LiTi2O4.[18] The relative phase stabilities of LixTiO2
at x=0 and x=1 in this study are in good agreement with previous DFT calculation
performed by Liu, et al.[32] The calculated energy di↵erence between LiTi2O4(B) and
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Figure 5.1: The calculated formation energies of di↵erent polymorphs of LixTiO2
at 300K with respect to pure anatase TiO2 and fully lithiated anatase
phase LiTiO2. The free energies of anatase LixTiO2[9], LixTiO2(B)[19]
and spinel LixTiO2 are represented with blue, orange, and green dots
respectively
anatase-derivative  -LiTi2O4 is 94 meV while that between anatase and spinel is 81
meV per TiO2 formula unit. The energy di↵erence between LiTi2O4(B) and spinel
LiTi2O4 is 174 meV per TiO2 formula unit. The anatase form of LixTiO2 becomes
the most stable phase among the three polymorphs as x approaches 1.
5.1.2 Possible Phase transformation mechanism
The calculated free energy curves for the three polymorphs of lithiated titania
implies that there is a strong thermodynamic driving force for the formation of anatase
and spinel forms of LixTiO2 upon Li insertion into the TiO2(B) structure. However,
this does not necessarily suggest that both phases can easily be formed from bronze
LiTi2O4(B) since the nucleation of anatase or spinel will likely be accompanied by
a large strain energy penalty as a result of misfit strains relative to the original
LiTi2O4(B).
66
LiTi2O4-B
structural transformation 
upon shearing
β-LiTi2O4
Ti before transformation
Ti after transformation
Figure 5.2: The structural relationship between LiTi2O4(B) and  -LiTi2O4 before
and after shear-induced structural transformation. Li atoms are omitted
to show clearly the configuration of Ti and O ordering upon structural
transformation
In this section, we identify the crystallographic pathways that link bronze B
LiTi2O4 to the anatase and spinel forms having the same Li concentration.
A direct crystallographic path connects bronze LiTi2O4(B) with anatase LiTi2O4
and relies on a shear and distortion as shown in Figure 5.2. By shearing the corner of
a LiTi2O4(B) unitcell diagonally, the monoclinic unit cell can be transformed to the
orthorhombic unitcell of ordered anatase LiTi2O4 (Figure 5.2). A similar crystallo-
graphic pathway linking bronze LixTiO2(B) to spinel LixTiO2 does not exist and the
transformation from bronze LixTiO2(B) and spinel LixTiO2 requires a combination of
strains along with the reordering of Ti and Li over the octahedral sites of the oxygen
sublattice.
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In view of the crystallographic similarities between LixTiO2(B) and anatase LixTiO2,
the likelihood exists that two phases can coexist coherently. To analyze this possi-
bility, we applied the Green-Lagrange strain tensor E to calculate the transformation
strain required to deform one crystal into the other. If the transformation strain is
small or can occur with a strain invariant plane common to both phases, the phase
transformation may occur coherently without incurring large coherency strain energy
penalties. The transformation strain can be defined using the starting phase as the
reference. The Green-Lagrange strain is defined as:
E =
F+F   I
2
(5.2)
where F and I are the 3⇥3 deformation gradient matrix and the identity matrix
respectively. F+ corresponds to the transpose of F. The deformation gradient matrix
F relates the lattice matrix of the transformed crystal L’ to the lattice matrix of the
original crystal L, according to L’=FL (where the column vectors of L are the lattice
vectors). We used the lattice matrix calculated from first principles calculation.
According to Khachaturian’s treatment of coherency strains[34], a transformation
can proceed coherently in the absence of coherency strains along a strain invariant
planes if one of the three eigenvalues of E is equal to 0, one is greater than 0, and
one is less than 0.
Transformation path  1  2  3
TiO2(B) ! Anatase TiO2 -0.2073 0.0113 0.2705
LiTi2O4(B) !  -LiTi2O4 -0.2197 -0.0513 0.3872
Table 5.1: The eigenvalues of the transformation strains for various crystallographic
transformation paths using lattice parameters from DFT calculation
Table 5.1 shows the eigenvalues of the transformation strains for various crystal-
lographic transformation paths using lattice parameters from DFT calculation. They
all show one positive and one negative eigenvalue as well as an eigenvalue close to
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zero. This suggests that coexistence can occur along a plane that undergoes minimal
strain in both phases. Note though that the eigenvalues close to zero are not exactly
zero, and thus none of the transformation strains exactly entail a strain invariant
plane. If any of these transformations occur coherently, they will be accompanied by
a certain degree of coherency strain.
According to Khachaturyan treatment of coherency strain in which the elastic
modulus of the original and new phase are identical, the elastic energy of an inclusion
of the new phase within the lithiated TiO2(B) matrix phase can be calculated using
the following equation:
E(~n) =
1
2
1ZZZ
 1
d3k
(2⇡)3
B(~n)|⇥(k)|2 (5.3)
where ⇥(k) is the Fourier transform of the shape function of an arbitrarily shaped
coherent inclusion and
RRR1
 1
d3k
(2⇡)3 |⇥(k)|2 is equal to the volume of the nucleated
phase. B(~n) is a function of orientation of the new phase inclusion and is defined as:
B(~n) =  ijkl✏
0
ij✏
0
kl   ni 0ij⌦jl(~n) 0lmnm (5.4)
where the  ijkl are the elastic moduli calculated via first principles and ⌦jl is the
inverse tensor to ⌦ 1ij (~n) =  ijklnknl. Table 5.2 shows the calculated elastic module
used to calculate B(~n). The elastic modulus were calculated by Yizhou Wang in
internal report.
The minimum B(~n) corresponds to the orientation of a plate of the new phase
with minimum strain energy and defines the habit plane. Figure 5.3 schematically
illustrates the orientation relationship between LiTi2O4 and  -LiTi2O4 and the in-
terface plane with minimal strain energy. The atomic configuration at the interface
between LiTi2O4(B) and  -LiTi2O4 matches very well with the one observed via in
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β-LiTi2O4 LiTi2O4-B
(a)
(b)
7.82 Å 
3.81 Å 
7.77 Å 
4.03 Å 
Figure 5.3: (a) The schematic illustration of the interfacial relationship along the
most energy favorable habit plane upon  -LiTi2O4 phase inclusion in
LiTi2O4(B). (b) The comparison of ordering of Ti and O atoms at the
habit plane.
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Structure Cij
Anatase TiO2
26666664
333.40 142.74 139.73 0 0 0
142.74 333.40 139.66 0 0 0
139.73 139.73 191.39 0 0 0
0 0 0 47.2 0 0
0 0 0 0 47.2 0
0 0 0 0 0 59.29
37777775
 -LiTi2O4
26666664
366.85 106.99 152.32 0 0 0
106.99 296.75 43.18 0 0 0
152.32 43.18 182.17 0 0 0
0 0 0 80.88 0 0
0 0 0 0 71.92 0
0 0 0 0 0 91.9
37777775
Table 5.2: Calculated elastic modulus [in GPa] of anatase LixTiO2 (x=0, and 0.5)
situ TEM upon Li insertion into TiO2(B).
5.1.3 Conclusion
We identified the possible phase transformation between di↵erent lithiated tita-
nia polymorphs upon Li-ion insertion into TiO2(B). Our aim in Section 5.1 was to
elucidate the origins and crystallographic pathway for the bronze B to anatase trans-
formation observed experimentally. We found that in the absence of lithium, both
anatase and bronze polymorphs of TiO2 are much more stable than the spinel form.
However, upon Li insertion, anatase and spinel LixTiO2 become energetically more
favorable indicating the existence of a thermodynamic driving force for the transfor-
mation of bronze B LixTiO2 to either the anatase or spinel forms. While spinel is
more stable at x=0.5, there exists a more facile transformation path requiring only
strains but no atomic reordering between the bronze B structure and ordered anatase
Li0.5TiO2. Application of Khachaturyans approach to analyzing coherency strain en-
ergies, we found that the anatase form of LiTi2O4 can form coherently in LiTi2O4(B)
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phase along crystallographic planes that are almost strain free. The atomic config-
uration at the interface between the two phases matches well with the one observed
via in situ TEM upon Li insertion into TiO2(B).
5.2 Li insertion mechanism of Ca:TiO2(B)
5.2.1 A new variant of TiO2(B) with extra Ca-modified layers
In a recently published study by Zhang et al.[91], it was shown that calcium can
stabilize a bronze B variant of TiO2(B) by forming CaTi5O11. This new compound
has the potential to serve as an anode material for Li-ion batteries having a theoretical
capacity of 294 mAhg 1. Zhang et al suggested that Li ions can access the CaTi5O11
crystal structure through the well-aligned channels in the a-b plane and along the
b-axis. Especially when the a- and b-axes of CaTi5O11 are exposed to the surface,
CaTi5O11 was shown to exhibit much better rate capabilities than c-axis-oriented
TiO2(B). We performed first-principles calculations to investigate the possible stable
Li sites and Li insertion mechanism in CaTi5O11.
5.2.2 Crystal structure and Stable Li sites
Based on structural information provided by Zhang et al.[91], we performed DFT
calculations using VASP to optimize the lattice parameters and atomic position of
CaTi5O11. We used the generalized gradient approximation (GGA) as parameterized
by Perdew-Burke-Ernzerhof (PBE)[62] with the projector augmented wave mothod
(PAW).[40, 12] An energy cuto↵ of 400 eV and a gamma point-centered 4⇥9⇥2 k-
point mesh for the unitcell of Ca4Ti20O44 were used.
The optimized crystal structure of CaTi5O11 is shown in Figure 5.4a. This is an
orthorhombic structure with four Ca atoms in the unit cell. The predicted lattice pa-
rameters are a=12.148 A˚, b=3.8013 A˚, c=17.99 A˚, which agree well with experimental
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Figure 5.4: Crystal structure of (a) Ca:TiO2 (CaTi5O11) and (b) Li-Ca:TiO2
(Li4CaTi5O11) projected along [0 1 0] directions. There are four sym-
metrically distinct stable Li sites in Ca:TiO2 which are A1, A2, B1 and
B2.
lattice parameters ( a=12.1702 A˚, b=3.8013 A˚, and c=17.9841 A˚)[91]. We identified
four symmetry operations including identity, two glide planes, and one 2-fold screw
axis, which belong to the space group Pna21(33).
To find possible stable Li sites, we inserted Li ions in all possible open spaces and
then relaxed cell vectors and internal coordinates of the unitcell having stoichiometry
LiCa4Ti20O44. Figure 5.4b shows the stabilized lithium sites in Ca4Ti20O44 structure.
Four symmetrically distinct lithium sites have been identified and labeled A1, A2,
B1, and B2. The A1 and A2 sites are 5-fold coordinated to oxygen atoms and are
similar to the stable Li A1 sites in TiO2(B)[19, 3]. The B1 and B2 sites are new stable
lithium sites due to the presence of Ca modified layers and are 4-fold coordinated to
oxygen atoms.
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Figure 5.5: (a) Formation energies of Li-vacancy configurations per unitcell
(Li16xCa4Ti20O44) calculated from first-principles calculations (filled blue
circle). The energies of the ground states are connected with a blue line
forming a convexhull. The convexhull predicted by cluster expansion and
Monte Carlo calculation also showed with dotted red line and solid red
line respectively. (b) The calculated voltage curve as a function of Li con-
centration in LixCa4Ti20O44 at 300 K was obtained using grand canonical
Monte Carlo simulations with a cluster expansion.
5.2.3 Thermodynamic properties
Based on the stable Li sites, we enumerated symmetrically distinct Li-vacancy
orderings over the stable Li sites in the unitcell. We calculated the total free energies of
these configurations with DFT-PBE as implemented in VASP. The formation energies
defined according to:
 E(x) = E(LixCa4T i20O44)  xE(Li16Ca4T i20O44)  (1  x)E(Ca4T i20O44) (5.5)
where E(LixCa4T i20O44) is the energy of a specific Li-vacancy arrangement at con-
centration x in LixCa4Ti20O44 shown in Figure 5.5a.
DFT calculations predict that A1 and A2 sites should fill first up to a Li con-
centration of x=0.5. After all A1 and A2 sites are filled by Li, B1 and B2 sites will
accommodate the remaining Li ions. At a Li concentration of x=0.75, Li ions are
equally distributed in both B1 and B2 sites.
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Out of 274 configurations calculated, configurations having formation energies
close to the convex hull were used to parameterize the expansion coe cients of a
cluster expansion Hamiltonian. The resulting cluster expansion contains nine ECI:
an empty cluster, four point clusters, and four pair clusters. The root-mean-square
(RMS) error between calculated energies and the cluster-expaned values is 3.57 meV
per interstitial site, while the weighted cross-validation score (WCV) is 20.38 meV
per interstitial site. As shown in Figure 5.5a, the convexhull predicted by the cluster
expansion (dotted red line) matches the convexhull from DFT calculation well.
The cluster expansions were subjected to grand canonical Monte Carlo simula-
tions to predict the dependence of the Li chemical potential on Li concentration.
Figure 5.5b shows the calculated voltage curve as a function of Li concentration. It
shows a smooth solid solution until the concentration of Li reaches about 0.75 (12 Li in
the unitcell). After forming the ordered phase having stoichiometry Li12Ca4Ti20O44,
further Li insertion proceeds through another solid solution until the compounds is
fully lithiated having composition Li16Ca4Ti20O44.
5.2.4 Kinetic properties
Li migration barriers for di↵usion play an important role in selecting a kinetic
path and determining the behavior of an electrode during charge and discharge. Using
the nudged elastic band method implemented in VASP, we calculated the migration
barriers of Li in Ca4Ti20O44. We used a 1⇥3⇥1 supercell of the orthorhombic unitcell
and only considered the migration barrier at dilute Li concentrations.
In CaTi5O11, individual Li ions can occupy four distinct interstitial sites: A1,
A2, B1 and B2. We considered all possible Li hops from one site to an adjacent
interstitial site. Figure 5.6a illustrates Li migration pathways with low migration
energies. Interestingly at a very dilute Li concentration by increasing unitcell along
b-axis, B1 and B2 sites are more stable than A1 and A2 sites by ⇠17 meV. Li can hop
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Figure 5.6: (a) All low-barrier migration pathway for a Li hop in Ca4Ti20O44 at dilute
Li concentrations. (b) Li hops from an A1 site to A2 site. (c) Li hops
from an A2 site to B1 site. (d) Li hops from B1 to B2 site.
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between A1 and A2 sites or between A and B sites (from A2 to B1 or B2 to A1) with
low energy barriers within an a-c plane. The calculated Li migration barriers shown
in Figure 5.6b and Figure 5.6c are 195-205 meV. The Li migration barrier from the
B1 site to the B2 site along the c-axis is 545 meV as shown in Figure 5.6d. Although
the migration barrier is higher than other Li hops in the a-c plane, this value is similar
to that of Li migration barriers in other known intercalation compounds.[79]
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Figure 5.7: The calculated migration barrier of Li hop from site A1 to site A1 through
b-axis. Each intermediate Li site and energy along the migration path
are indicated with numbers.
Hops between A1 sites along the b-axis are also possible, although the barrier for
this hop is 1.8 eV as shown in Figure 5.7. Li must di↵use through the trigonal plane,
which shares edges with three adjacent TiO6 octahedra. Because of the Ca-modified
layer, the b-axis is not an open channel. This hop mechanism is therefore unlikely
to contribute much to macroscopic Li di↵usion. Therefore, we expect Li di↵usion to
occur two-dimensionally within the a-c plane.
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5.3 Conclusion
We identified stable Li sites in CaTi5O11, which we have labeled A1, A2, B1
and B2. From the first-principles study of the thermodynamic properties, CaTi5O11
maintains its original crystal structure and shows solid solution behavior upon Li
insertion. Calculations of Li migration barriers predict that Li has a high mobility
along two-dimensional pathways parallel to the a-c plane, although Li can hardly
di↵use through a b-axis due to the Ca-modified layer.
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CHAPTER VI
Thermodynamic and kinetic properties of cubic
Na3TiP3O9N, a secondary Na-Ion battery cathode
In this chapter, we report on first-principles calculations that supported an experi-
mental study performed in Prof Khalifah's group demonstrating that the nitridophos-
phate compound Na3TiP3O9N is a good candidate as a cathode electrode material
in Na-ion batteries. First principles calculations elucidated the Na sites that become
vacant first upon electrochemical Na removal. The calculated voltage exhibits a sin-
gle solid solution without any intermediate plateaus. Furthermore, first principles
calculations suggest that the lowest energy di↵usion pathway incorporates the Na1
and Na3 sites while the di↵usion pathway between Na1 and Na2 site is energetically
unfavorable. This work has been published in Chemistry of Materials, an American
Chemical Society journal.
6.1 First-Principles Calculations
First-principles calculations were performed using the generalized gradient approx-
imation (GGA-PBE) to density functional theory (DFT) and the Hubbard model
extension (GGA+U) as implemented in the Vienna ab initio Simulation package
(VASP).[38] The e↵ect of the core electrons on the valence states was treated with
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the projector augmented wave (PAW) method.[12] A plane wave energy cuto↵ of 600
eV was used. The k -point sampling within the Brillouin one was performed with a
3⇥3⇥3 mesh for the primitive unit cell (containing a total 68 atoms). Equivalent
k -point densities were used for supercells of the primitive unit cell. All calculations
were performed using spin polarization with ferromagnetic ordering of the initial mag-
netic moments. GGA+U calculations were performed with the method of Dudarev
et al.[22] with an e↵ective Coulombic potential of UJeff = U-J (e↵ectively, J=0).
It was found that pure GGA calculations with U=0 underestimated the average
voltage by more than 1 V, which can be attributed to a large self-interaction error
in GGA for localized electronic states. In contrast to simple oxides of Ti like TiO2,
the cubic structure and the isolated Ti octahedra within it are more likely to localize
electronic states around Ti. By performing a systematic study of the dependence
of the average voltage of the Na3TiN(PO3)3-Na2TiN(PO3)3 couple relative to a Na
metal reference anode on the Hubbard U parameter, we determined that a value
of U=5.0 eV predicts an average voltage of 2.7 V, which is close to the experimen-
tally measured average voltage. We used this value of U to further analyze phase
stability and thermodynamic properties at room temperature. The energies of five
di↵erent Na-vacancy arrangements over the Na1 sites of this structure were calculated
within GGA+U. For each Na-vacancy configuration over the Na1 sites, we enumer-
ated all symmetrically distinct Ti3+/Ti4+ arrangements and used these to initialize
the DFT calculations (by initializing magnetic moments consistent with the particular
Ti3+/Ti4+ charge ordering). The lowest energy for each of the Na-vacancy configura-
tions was then used to parametrize a cluster expansion[67] to describe the variation
of the fully relaxed energy with Na-vacancy arrangement. Due to the large distance
between neighboring Na1 sites, the cluster expansion Hamiltonian only includes pair,
triplet, and quadruplet clusters extending up to the first-nearest neighbor cell. Grand
canonical Monte Carlo simulations were applied to the cluster expansion to predict
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Na1 Na2 Na3 NP3O9 TiO6
Figure 6.1: Crystal structure of Na3TiP3O9N view along the (100) direction. The
connectivity of trimers of PO3N tetrahedra with isolated TiO6 octahedra
shown on the right.
the equilibrium voltage curve (which is related to negative of the Na chemical po-
tential). Migration barriers for Na hops to vacant neighboring sites were calculated
with the nudged elastic band method as implemented in VASP using both GGA and
GGA+U methods.
6.2 Crystallography
The crystal structure of Na3TiP3O9N is composed of TiO6 octahedra which are
linked by trimmers of PO3N tetrahedral that share a center N ion and Na ions which
are located in three symmetrically distinct sites, as can be seen in Figure 6.1. Four
Na3TiP3O9N formula units form a cubic unit cell, which belongs to the space group
P213 (No.198). The structure has three symmetrically distinct sites labeled Na1, Na2,
and Na3.
First principles calculations done both within the GGA and with GGA+U predicts
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Figure 6.2: Calculated free energy (a) and volume change (b) associated with Na re-
moval from each of the three crystallographic sites of Na3TiP3O9N (ener-
gies and volumes are per primitive unit cell containing four Na3TiP3O9N)
that Na vacancies are most stable at the Na1 site. Placing the vacancies in the other
sodium sites increase the energy by 210 meV (Na2) or 180 meV (Na3) per formula
unit, as can be seen in Figure 6.2a. In addition, Figure 6.2b shows the volume changes
upon Na removal. Both the GGA and GGA+U calculations predict a small volume
change of -0.6% upon removal of Na from Na3TiP3O9N to form Na2TiP3O9N, which
is in good agreement with experimental observation.
6.3 Thermodynamic properties
The voltage profile of Na2+xTiP3O9N was calculated with Monte Carlo simulations
performed on a cluster expansion Hamiltonian describing the energy of Na-vacancy
disorder parameterized by GGA+U total energy calculations. At 0K, GGA+U cal-
culations predict a miscibility gap between Na2TiP3O9N and Na3TiP3O9N. However,
various Na-vacancy ordered structures have only a slightly positive formation energy
relative to Na2TiP3O9N and Na3TiP3O9N, and as a result, Monte Carlo simulations
predict that solid-solution behavior with a slightly sloping voltage profile should be
seen at room temperature (shown in Figure 6.3), behavior which is indeed observed
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Figure 6.3: The calculated voltage curve predicted by Monte Carlo calculation as a
function of Na concentration in Na2+xTiP3O9N at 300K.
in experimental GITT measurements.
6.4 Kinetic properties
The energy barriers of three possible di↵usion pathways were calculated by GGA
and GGA+U methods upon introduction of one Na vacancy in the 68 atom primitive
cell. We calculated two di↵erent migration pathways between the Na1 and Na3 site,
which are denoted as S13 and L13.
Figure 6.4 shows the S13 path, which corresponds to Na migration from Na1 to
Na3 along the short path. The maximum energy barrier of this Na hop is the order
of 0.87 eV. This high-energy barrier arises because Na-ion must migrate through
an equilateral triangle formed by three O atoms. The high-energy barrier for the
S13 path suggests that this pathway is unlikely to be important to ion di↵usions in
Na3TiP3O9N.
Figure 6.5 shows migration barrier L13 from Na1 to Na3 along the long path.
Unlike the S13 path, it passes through an intermediate local minimum coinciding
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Figure 6.4: Migration barrier calculated by GGA+U methods for Na hops along from
Na1 to Na3 for the shorter path (S13).
with a 4-fold oxygen coordinated site, similar to the intermediate tetrahedral sites
of Li hops in many Li intercalation compounds. Although the net energy barrier of
0.75 eV for moving from Na3 to Na1 is high, the possibility of a stable intermediate
would lower the theoretical barrier to only 0.50 eV, a value in good agreement with
experimental results. The simple GGA energy profile obtained without the inclusion
of a Hubbard U shows a similar total energy barrier (0.62 eV) as can be seen in
Figure 6.6, but does not exhibit a well-resolved intermediate site.
The complexity of the energy landscape connecting the Na1 and Na3 sites makes
it uncertain that the total migration barrier from Na1 to Na3 can simply be equated
to an average activation barrier obtained experimentally. Further kinetic Monte Carlo
simulations will be needed to better determine the equivalent average migration bar-
rier for a complex energy landscape with many distinct hop types having a spectrum
of migration barriers.
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Figure 6.5: Migration barrier calculated by GGA+U methods for Na hops along from
Na3 to Na1 for the longer path (L13).
Figure 6.6: Migration barriers calculated by GGA methods along the short (S13) and
long (L13) Na1-Na3 pathways.
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Figure 6.7: Migration barrier calculated by GGA+U methods for Na hops along from
Na1 to Na2 (P13).
Figure 6.7 shows the migration barrier for Na migration between the Na1 and
Na2 sites (P12). This high energy barrier of 0.98 eV for the P12 path is too large to
significantly contribute to the overall ionic mobility of Na3TiP3O9N.
Figure 6.8 shows all symmetrically equivalent L13 pathways. These hops form a
three-dimensional network, allowing three dimensional Na di↵usion.
6.5 Conclusion
First principles calculations predict that Na1 site is depopulated during sodium
removal. The lowest energy pathway was found to be along the L13 path from Na1 and
Na3 resulting in three-dimensional Na di↵usion. The 3D Na-ion migration pathways,
extremely small volume changes and good cyclic voltage range make this structure
type particularly attractive for rechargeable Na-ion battery applications.
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Figure 6.8: The connectivity of symmetrically equivalent low migration pathways
(L13).
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CHAPTER VII
Conclusion
An underlying aim of this thesis was to elucidate the origins of hysteresis and
irreversibility in high capacity electrode chemistries. To this end, we focused on the
Li-Sb binary and the Li-Cu2Sb ternary, both candidate anode materials with high
theoretical capacities. We also investigated factors that lead to irreversibilities in
titanate based phases.
In the Li-Sb binary, we predict a very high Li mobility in Li3Sb, which leads to
large overpotentials during charge where the driving force for the nucleation of Sb is
substantially larger than that of Li2Sb upon Li extraction from Li3Sb. A high cation
mobility is usually desirable especially when the equilibrium path passes through a
solid solution. However, as manifested in the Li-Sb system, it may lead to path hys-
teresis when Li extraction requires the occurrence of phase transformations. When
the electrode passes through a metastable solid solution and reaches high overpoten-
tials, a lever e↵ect sets in whereby much larger nucleation driving forces emerge for
phases with a larger change in Li concentration than for intermediate phases along the
equilibrium path. These results suggest that to suppress path hysteresis, a balance
among all competing kinetic processes during Li insertion and removal is required,
especially between the rates of Li di↵usion and phase transformations.
In the Li-Cu2Sb displacement system, we identified the intrinsic properties of the
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various compounds that form in the Li-Cu-Sb ternary that facilitate reversibility and
minimize hysteresis between charge and discharge. We found that Cu has a high
mobility in Li3Sb through a vacancy cluster hop mechanism, with the very fast Li
mobility in Li3Sb ensuring that the vacancy clusters can reorganize after each Cu
hop. In addition, the existence of a stable solid solution Li1+"Cu1+ Sb in a wide
range of Li and Cu chemical potentials ensures the formation of Li1+"Cu1+ Sb upon
Cu reinsertion in Li3Sb. These kinetic and thermodynamic properties together are
responsible for good reversibility and a minimal hysteresis in this system.
To elucidate the factors that lead to irreversibility between discharge and charge,
we focused on the TiO2(B) intercalation system. We identified strong structural
similarities between LiTi2O4 (B) and anatase LiTi2O4. A calculation of the free energy
of TiO2(B) and anatase TiO2 as a function of Li concentration showed that anatase
LiTi2O4 is more stable than LiTi2O4(B). Using Khachaturyans formalism to analyze
coherent mechanical equilibrium, we also found that anatase LiTi2O4 can be formed
coherently in LiTi2O4(B) phase along crystallographic planes that are almost strain
free. This result sheds light on thermodynamic driving forces and crystallographic
pathways that lead to irreversibility during charge and discharge cycles.
In addition to investigating the origins of hysteresis and irreversibility, we also
studied the electrochemistry of novel intercalation host materials such as CaTi5O11
and Na3TiP3O9N for Li-ion and Na-ion battery applications, respectively.
For the CaTi5O11 system, we identified stable Li sites and the most favorable Li
migration pathways. Our first principle calculations predict solid solution behavior
within LixCaTi5O11 upon Li insertion. Furthermore, we predict a high Li mobil-
ity along two-dimensional pathways parallel to the a-c plane. For the Na3TiP3O9N
system, we explored the possible Na removal sites and di↵usion pathways with low
migration barriers.
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